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To MISS LOUSADA- 



Madak, 

AS the nuahematical studies are among the 

number of your scientific researches, and, in your pursuit, the more bril^ 

liant and nicer subjects have attracted your more particular attention, I 

\have/elt much flattered at the desire so frequently expressed by you for 

the publication of the following attempts which I have made to illustrate 






c 



> a branch of science by many considered difficult, • being the first of 
^a series of Mathematical Tracts which I am about to publish. The 
^willingness with which you have agreed to have your name prefixed to 
this Essay, which probably but for your influence would never have been 
offered to fill the vacancies of a bookcase, encourages me to hope that it 
will not be thought wholly unworthy of public attention. 

lam. 

Madam, 

with esteem, 

your obedient and obliged humble Servant 

* 

Benjamin Gompertz. 
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INTRODUCTION. 



I. Immediately after tte mvention of methocfs for iJiedfecdVtrf 
of the roots of an equation above the first degtcfe, algebraic exptt^-^ 
lions must have occurred, which seemed ta teqvilte the extirattfon of 
the square root of a negative quantity ; the fmpractrcabiBty of wftrcfr 
could not have failed to throw much embarrassment in the way <$f tRe 
early promoters of algebraic knowledge. Ages of study on this subject 
iavc pointed out beauties where deformity appeared onfy to rcigtr;' 
and the reiterated attempts of analysts to unriddle thesecretis erf sctener, 
have been rewarded by the discovery that those very expressions* t enii c iP 
impossibli& or imaginary quantfdes, whicii were terriAe, sterile^ atrii 
unproductive of utiKty, in appearance, were thet most pew^rfub instra* 
meats he could possess. Bert, notwithstttnding the aoquinrment ef Afr 
practice of these instrmnents' of analysii^ tiie mdtixod. of iimt opjesaAioi^ 
19 far from being uni versafly knows i and tke tnulbrof dteifi resiika ^m^ 
by no mean8> generaHy ackiiowledgc^ to be le|^thnatelgr obtoiBed^, aadi 
would, by many, be whoUy^ rqeeted im tlej alMence of alhfif deiQoiir 
strations* 

A common inference naCuraUy tio^ be dvafwo; fromt the appearanu^e of 
an expression oPtMs^ sort in the analj^Bis* of a pnblism-, is^ that the pisob^ 
lem b itself imposisihle; zb if it weve pequifedi to fiod the^ mimber,. auck 
that the excess of its dieuble above it^sqoaFC shalltbe equal to % Put* 
ting jp for this number, we shall, according to the condttiensr of th^; 
prol>lem, have Sir — j^^m a ; and, by the common^ metiuHl of resolving 

quadratic equations, we get j:'=^t+v^ — 1. Here the impossible quan*- 
tity makes its appearance ; and here, indeed the questioB is ioipossibte. 
IL If the question were to find that, number whose double shall 
exceed its square by the gj^eatetft: qfuatitiy\ ; if this eseesa^ be put sni,. 

but if iWf 



we shal! have Sbe^^a^issm^ and C0nseifuetttl|f jcsal + ^1 
be greater than 1, h^^-m win be negative, audi consequenlly^ it3« sqpare 
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Yl INTRODUCTION. 

root impossible. The greatest value that m can be, to avoid the im- 
possibility, is therefore 1 ; and then j* is 1 ; and this answers the ques- 
tion. This example already shows that a regard to the impossible 
quantity is serviceable in ansdysis : here the advantage, however, b not 
reaped from the introduction of the expression, but from the manner of 
avoiding it, the knowledge of which is attained from a consideration of 
the cause of its production ; and it is to this cause that the Reader^s 
attention will be drawn in my endeavours to explain the propriety of 
its use. 

III. It will, perhaps, be usefiil, even in the present stage of this dis- 
course, to observe that, as in different speculations there are different 
sources from whence impossibility may arise, so do we properly find 
different expressions of impossibility : thus, if a:* had been required so 

that 4av— .*•* should be equal to i», we should obtain x=A±^y/4k — m ; 
but had it been required to make gj;^ it^ m, we should have 



\±js/^ — w. Now, were wisslO, we should have in the one case 
a»ss2+y/— -6, and in the other xmliy/ — 9 ; and we see that m will 
admit of a greater value, without exceeding the limits of possibility, in 
the first case than in the second; for m can be 4 in the first case, 
but cannot be greater than 1 in the second. 

IV. But impossible quantities are well known to occur also in the 
resolution of possible questions ; for instance, in the resolution of the 
cubic equation a?*— 63a?=:l62, having three possible answers for x^ by 
means of Cardan's Rule s and still, from these very impossible quanti- 
ties, by an analysis properly conducted, we have the means of discover- 
ing the answers. 

V. In conducting the operation by the algebraic expressions termed 
impossible or imaginary quantities, the same rules are observed as in 
other parts of algebra ; thus, if V— ^ ^^r^ ^^ ^ multiplied by c, its. 
product would be considered c. V/— ^; if \/ — ^ were to be multiplied by 
^HJ, the product would be considered y/ — ax — b or l/ab. But 
before I proceed, I think it necessary to inform the Reader that there 
are many persons of respectable mathematical acquirements, and of 
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sound judgment in various branches of human research, who consider 
the operations of these quantities absurd ; and the profound mathema- 
ticians Newton, Euler, &c. in lieu of receiving the admiration due to 
their penetration and ingenuity in this part of science, have been hastily 
considered, by some, to be bad reasoners } or, at least, to have vitiated 
mathematical arguments. 

VI. The foundation of the rules of operation appears to have been 
originally derived from the laws of continuity ; thus, if we have xassx/a^ 
y=t/*, we shall have ays=^ab ; and if we were to diminisli a con- 
tinually, this would be always true till a became equal j and if a were 
to be conceived still diminished until it became = — c, the thing might 
be imagined still to be true; and, substituting — c for a, we should have 
y/a X \/b^ s/ — ^ X y/^ = s/""^ x A=\/ — be ; and, in a similar manner, 



if 6 be supposed to be diminished till it becomes equal to -^ imaginhig 
the expression y/l still to be significant, and the truth of the original 
operation not be destroyed, we shall have \/a.y/l^s^^^.y/ZI^ 

^ — cx — dzszy/cd. The objection raised against this operation is, that 
as the square roots of negative numbers do not exist in arithmetic rea- 
soning in this manner must be inconsistent. How far the objection 
here named is just I shall not, at this part of my Essay, consider ; though 
I think it proper to observe, that some followers of this branch of ana- 
lysis, among whom is th e celebrated Emerson, very erroneously, in my 
opinion, consider |/=Ic.t/^ to be =/— flfc. The reason they give 
for this assertion is, that if it were = y/dc, a real product would be 
raised from impossible factors. This argument appears to me quite con- 
trary to the spirit of the method ; for, without at this moment being 
anxious to declare on the justness of the method of operating with 
expressions termed imaginary, I consider it proper to remind the ope- 
rator that the idea of x=iy/^ and y=/II5 is derived from the sup- 
position of >r^^=~c andy=— -rf; that is, that -—c^^^X^'^ and 
— rf= V— rf. V— rf; that is, that a real negative product is derived from 
imaginary factors ; and should it be objected that a negative producted 

BS 



is AQt a ireal prcidiicty tttll amsldermg J^V^ffi tfonie fprodncfe ^i, it iritt 

likewise be iequaito ^-^tcx^-W, irfaicfa is the sMiie diiog in an ftnalyticat 
point of view, alU^M^ng the lav of continuity abo*r€ i^ted to be ad- 
missifble. The beautiful application of tbe ima^nafy algebra woiild be 

lost to any one maintaimng the idea that ^^^\ V-^ were = ^'^3, 
for such an idea would lead to error. There is another tiling with 
which some matbematicians teve been puzded : they say, that though 
it appears that V— <x V-^c is « — c, it equally appears that V— ex ^7^ 
3cV — ex ^^^CH= Vc*=er ; but the 4%ict is, that V? is neither equal to +c 
«or to — cs that is, kis not identical with either, but that it is an expres- 
-fiioo ha;ri«g a double vakie, of which the one is +e and the other — e; 
and that m consequence, ao "fer from the thing being an absurdity. It Is 
fi fnoof of die exoellenoe of the symbol V. This symbol contains the 
iwo signs 4- -and -^ ; «Dd the difficulty does not particularly Mong to 

(Ae imaginary quantity^. The product ^c.yTc ought to contain two 
Aign^ ^ and ^-^« If the two symbols (b€>th cxpxeesed by y/) are to hare 

^ sa^ne a^Q» v^ which cmse t^e. Ve will be the same wkh y/^, the 
val^e wiU be ^^c^ but if ihey hwt diiffiresii aigna it will be^rm(?i and ta 

Abil .C9se it is not the same as ^^. And, in Kke manner, when the 
diymbol V is to be takei^ with the same sign in the two iactora of 

1^— e, V-^, then will f^^. t^— c be the same with t^-^= — e; b^t if 
they ape to -have different signs, it wHl be = -J-e. Jt is of great moment, 
iiBL yaniotts parts of mathematics, to be acquainted with the distinction 
4wtwttW the ifiquality of exptes^ons and the different interpretations of 
^\m)s^ fiJiey will admit, 

I bayje, ad the above observations, pointed out what I conceive to 
jk^v^e t^n the joriginal stops wbidi led to this introduction of imaginary 
il^^ttties into algebra, a^d have shewn what an assumed law of con- 
tipiiity opgbt tQ tead t^ in ti^^fiperation. 3ttt it is not on an assumed 
Jaw that I jEuean to ;£st { it i^ iiiy object, ii^ ti^ First Book ^ jthiy 
Treatise, to e;xpjaw the principle! of thJ9 ffietbod by % mode, I believfi, 
^uite di/ferent to jii^y hitherto pwrau^ ; tbp iwhpJp of tbi^ boo)^ b«^g 
meant to illustrate the foUowiog position of the First Book. 
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BOOK L 

ON IMAGINARY QUANTITIES, 



POSITION. 

Thai wherever the operation by imaginary wpressions can h^ usedj thfi 
propriety may he explained from the capability of one arbitrary quan^ 
Hty or imore beUig introd$uwl into the expressiqme ^hich are imagiHarjf 
prewiauely to thd md arbitrary qwmtity or q9umtit$e$ bei^ig introA^ei { 
so as to render them real, without altering the truth they are meant to 
express ; and that, in consequence, the operation will proceed on reai 
^pumtity ; the introduced arbitrary quantity or quantities necessary to 
render the first steps of the reasoning arguinents on real quantity, va^ 
nishing at the conclusion ; and from whence it will follow that the non^ 
introduction of such can produce nothing wrong. 

1, T^pyan J do not call to mmd ever having met with thi^ mode of 
pioiceediQg, I am well aware of the hazard and even injwtice ia the pre- 
sent advanced state of mathematics, to affirm any particular view of a 
subject to he new : and, therefore, leaving every one to piake Iw claim, 

I shall commence by considering the factors of the expresgion ^+as+b, 

irhieh mr^ discovered, according to the common method; by feigning 
«**w+^=fO; whence it i^ fpwd that tho facJxw aro^n+^+v^j'^^ 

and ^+5~ / T^^> ^^^ '^^*> ^^ consequence, when b is greater than 

■j-9 these become imaginary ; and that, thecefbre, any analysis which 
proceeds by these factors will, in this case, prpceed by imagi^ar^r quan- 
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titles ; and that this may be avoided, let us assume a^+ax+b^ 
^+V^ 4 — *+exA-v^ 4— *+f, or its equal ;>»-.-+ 4— «; whence 



4 - • ^' - •- -i-~ e 4 



-^^^^^P =\/ x^-t-ax+b+^l,+^^^^^^. and, 
ly, we find «*+ar+i=(v^^ «]'+, + ^£_4+j^ x 



consequent- 



(^^"+|+f-v/f^) i 



e being an arbitary quantity, and 



consequently may always be chosen, so that the factors shall be real 
quantities. It is eviden t that if we take ^ = 0, the factors will be as first 

detcnnined,*+|+v^f!_A, and a?+l-N/-_A. 



a 4 ' £ - 4 



Taking g=0, ve shall have, for the factors of a?* + A, /^M^+^P?; 
and *'«»+(— Vj—i, which^if f were taken =0, we observe would be the 
imaginary factors »+ •— j» and «— •ZTt^ commonly used, and which 
it was our object to avoid. 

If we had the expression «'+g«*+fcc+fc to reduce into factors, only 
laying one possible binomial factor suppose, g, h and k being real quan- 
tities, the expression may be written «+7x«»+ox+6; a, h and c being real 
quantities, and consequently, from the above, this may be written 



»+cx 



(^*+|*+f +V^r-6+f ) X (>/I^|\,^v/^_b+ A f being 
an arbitrary quantity : thus, if the expression were «»— a', or its equal 
*^x**+aar+a», it would likewise be («— «) (^*+^ +f+^r-4<»* ) 



X 



(^«+| +f-^P-4«*^- Iff be =0, it will become 5^=5" (^x+f- 



+a 



.v/4)x(.+J-^-D. 
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2. In Euler's Algebra we find the impossible arithmetical quantity 
appliedi with advantage, to the determination of x and y^ such, that 
the formula at*+i«y+<^* shall have factors : this, when fl=l and^^O^ 
is ^+cy* ; and, making no objection to the impossible quantities, the 
factors are «+yi/^and x^-y/^; these are then assumed respectively 



equal to p+g\/—cxr+#-v/ — c and p^^^—cy^r^s^--'^ and we thenbe 
get p* + eg* X r* + c**=x* + cy*, and x is found =rpr— cy and y^ps+qr^ or 
xzzpr-^'CqSy and p^ps — qr- The whole of this takes for granted the 
propriety of the rules practised with impossible quantities ; but, accord- 
ing to our method, we will consider the formula jr*+cy*=(v^f4«* — 
•f— cy*)x(v'f T «*-*••?— cy*), a truth evident from putting cy* for 3 in 
the above resolution of x^+b into real factors. Now put the factor 

•fTF— •r^* =( Vf ' + p*— \/ f'— cq*) X ( %/ ^^Tr*— V("—cii% And the factor 



•f +«*+ ^f «cy*=(^f +// + i/f'— c9*) X (•7>F»+ Vf—c9^) steps which 
would be identical with Euler's, were (, (', and (*'=0 j and consequently 
by multiplying we get ir*+cy*=p*+cq*xr*-l-c»*, as above, -the three in- 
troduced arbitrary quantities f, t\ ^' vanishing of themselves. Now, 
to find .r and y : by addition and subtraction, we get 2^/{TaF^ 

2v'?TP-V'e'+^ + 2^e''^^*. V{—C9^i and 2 •7=^^=2 v7+F- v^?—^* 



2^f'— c9*. •<"-!• r*; hence, dividing by 2, and squaring and putting 

R for 2cy +fV+eV— c'<»*--<''c9*+2v7+p^W^^v^?^ for the 

sake of brevity, we shall find e+«*=P*»^+«***9*+R, and e— cy*=R— ct*p*— 
cgV ; that is, aj*=:pV+cVq»+R-<, and cy*=cf»p*+c9V— R+e- Now it is 
evident that as c, t\ and e'' are all arbitrary, we may take them so that 
R— f =jf 2r#pr, without the introduction of any imaginary quantity ; 
and we shall, in consequence, have, as above, x^pr;^cq8 znd y^psTjr. 
And thus I have shown how, by the introduction of arbitrary quantities, 
we are enabled to imitate £uler*s steps, which proceed by imaginary 
quantities, and to obtain his result ; and we have only to suppose (c) 
one of these. arbitrary quantities =R+icjj^r, without being at any other 
trouble but the bare supposition, no subsequent calculation being ne- 
cessary with the other arbitrary quantities e^ c^ as they will of them- 
selves vanbhout of the equation; and we, in consequence, see that, had 
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we not introducf d them, we »bould not have done any thing wrong ; 
and, in which case, the analysis would have been the same as Ruler's. I 
nay remark, by the bye, that if rs:pmj and szzqmy we shall have xsia 
• (p'c^^)} 2^d y^2mp or 0, according as the upper or under sign is used ; 
and, consequently, we find ^with Euler, p. 156, Algebra, English irana* 
lation) that if x=m.(p^— eg*) and yzz2nipq^ ^-i-cy* is a square^ and z:m^ • 

S. Let it now be required to resolve the equation ji'-^Msiy a and b 
being given quantities. 

For this purpose, take a?=:»9+— ; .*. aj'=ny+3B*n9+ +-5-=:ny + 

3-+3iim^ + -j=ny +T- +3mnx; consequently the equation ^—ax^hhe- 

comes ny+-T-=:5+^«?, putting e for ir—Snm; and, squaring, we get my 

+2fA»*+-5-=»-i-pr»*. Take away Afifm^ from both sides, and extract tiie 

2 9 / — — — 

square root, and we shall have ^y— ^ 2=v^k+car^* — 4ii^Vtbis, compared 

• I T ■■ ■■ • 

with the equation nV+^sb+eei give* »V= 2^+^-^ —«««»; 

tnd-s^^— ^5^*-ftW ; and, conaequenUy, because «»=^* 



» 



we get or or i^+ 



^l*)! g being an arbitrary letter. 

If we take (=0, we shall get the common Ibnttttla^rs^ i"*" T^"^"* 
\/|— v^j— ^A which win become imagioMry when — b greater tlum 
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T- ; and it is easy to see that c may be so taken that the imaginary 

quantities may be avoided ; but as x would be then contained within 
the vincula, some further expedient would be necessary. If, for 
instance, the equation had . been x'— 63a? =162, we should have 

X = v/81 +i^+ V^81 +U^—2l—y^ + J/si+i^a?— v/81+i««i~2i— ijU; 

here, when c=o, we get j=^81 + V— 270o'+n/'81— x/^— 2700I ; but 
when f is not taken =0, it will not, I think, be improper to show 
that if for the x within the vincula we put one of its values, 9 foi 

jy/ 9 « y~ 9> lY // 9 

instance, we getx=v^ si + g^"** ^* ■♦"2^l~2^~3^l +^ l^'+S*^" 



V^3l4.|.^ — 21— - J I and this will be so at least when real, without 
any regard to the value of e, as e and x are quite independent of each 

other. Thus, take^=63 ; thenis x=v^ ^*+*^'2 +^^81+^1— (J + 

^81+9x 2— v/^^+2^^»-^=v^l62+567U0=^729)=9. If c be taken 

=6, we shall equally have x=:9 ; for the theorem will become 

x=\/l08+ •4805 + ^108— •4805=5.61804, nearly, +3.38196 nearly 
=9 ; and so we might proceed with any other value of c which would 
not lead to imaginary quantities. 

The Reader ought to be reminded, that our theorem, though it 
appears of service to explain the office of the imaginary quantity in 
Cardan's Rule, still, without further expedient, it does not seem of ser- 
vice for the discovery of the value of x; as, in the above examples, we 
supposed the value of x previously known, to enable us to subject our 
formula to calculation. But still we see that if we extract the roots 

expressed in the formula, x= ^*-|^+l/^L'^'+l/(% - 
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\/J^\ — ^^' ) by means of infinite series, all terms introduced, 

which are multiplied by eor its powers, ought to vanish of themselves. 

4a' 
At present, I shall only consider the case in which 5=^^ —1 is a proper 

fraction ; and first show the Reader who may be unacquainted with it, a 
method to be used in Cardan's failing cases to get rid of the imaginary 

quantities, by those who do not object to its operation. Put ^=t; 



^>1 



bino- 



mial theorem) n/j xU +3V^— *— 3^"^^^^*+ ^^^ > ^^)> »"^ '" ^^^ 



tame ^ 
2.5 



)>/^, &c. J 



( 



3.( 

considering what has already been observed to be regarded by the 
operators with imaginary quantities, namely, that y/IIj]*=— it; and 



therefore ^7^*=i*, ^/^t:r^1i?y &c. we have jr=v^46x f * + Tg *— 

2 5 8 ^ 

^ ' ' 2 • **> &c. j for one root of the proposed equation. 

Now, according to the profKxsed object, I am to show that the 
analysis by the imi^inary quantity can be dispensed with, in using 
my theorem for the same investigation ; that is, that if x^ — axsft^ 

fore,Tr^ — 1=*; andalsaput, for the sake of brevity, R=:^ — ^^ ^ ■ ^ 
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__2fcgt~g»j*^ and we shall have x= v/5 x f a/i+ tar+v/R^+ 
^l + Ij—y/RZ^fch and if we develope this by the binomial theorem, we 

shall have i. = •&.(T;pf ?^^ - JM., ^. &c.) = 

1+|.| l+J.| 

2 2 5 8 

which every part is concerned with some power of ^ ; but, as ^ is inde- 
pendent of jr, all terms which introduce it must vanish of themselves^ 
that is, must destroy each other, and therefore ft' represents ; and 

therefore ti^s/^b x (l + At*-^^Mj.fc4 &e. ), the i^me is before. 

4. Imaginary quantities have been used by Waring and Simpson 
(see Waring's Meditationes Algebraiese, 8d Edition, Preface, page xxvKl, 
and i& the Work page 157) in the soiotioii of the following getiiral pro-' 
blem : 

** A quantity being given which expresses a series (a+6+c+d+e+/+ 
g+1i+k+ &c.) of simple terms, proceeding according to the dimensions 
O, I, 2, S, &c. of any letter ar, to find a quantity equal to the sum of 
the alternate terms^ of the aeries (a-fc+«-f ^4-'^+ ^^0 i ^^^ likeiwise 
quantities respectively equal to the sums of the terms of the proposed 
series^ standing at the 2d, 3d, or, lastly, the nth interval from each 
other.'* 

The impossible quantity being required in their analysis of the prob« 
lem, when two or more of the terms of the original series are to be con- 
tinually omitted, I shall consider the case only when there are two of 
the terms continually omitted, as the method of proceeding when 
there are more of them left out will be easily perceived froraC this : 

Thus, let the proposition be. Given S=a+te+cx*+d»»+ex*+^+g'j?*+, 
&0. to findi thfi sumof the serief a+ds^^gj^-f-f Sco. Thea aocording t» 

C2 
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the method of imaginary quantities above alluded to, put axy fix, yxj in 
the room of a?, and let S become, by that substitution, A, B, C, and con- 
sequently we have 

B=a+fc^.a?+c0*.ar+ci5V+ Sec. i and one third of the sum of 

these three will give g — a+6. — ^ — a?+c. ^ ^ir*+ct. ^ 

.«»+, &c. ; consequently if tf+j5+y=O,«*+/5»+y*=O,«'+0'+/ = l, we shall 
have, for the determination of «, ft y, the three equations «* — 1=0, 
^p' — 1=0, y'— 1=0; this will easily be seen by extermination, or from the 
theory of equations admitting of the doctrine of impossible quantities ; 
and it is easy to see that «, /3, y, cannot be the same with each other, but 
are, according to the operations of Imaginarics^ the different roots of the 
equation «» — 1=0. And it will likewise follow, that whatever number v 

may represent that»'+^4-*'+^+y'+^=:«'+/3'+/- ^, I8s, ^i being each = 
1 ; and therefore, because in the new series the coefficients of x and rr* 

are = 0, that is, if v=l or 2, « +/9'+y' will be equal to ; so will it fol- 
low that the coefficients of all powers of a;, except those which are mul- 
tiples of 3, will vanish ; and it is also plain that all power of a; which arc 

multiples of 3 will be unity ; and, consequently, that 5 zr.a-^-d^^ 

This method of Waring, which has much elegance, considers of the 
three letters «,ft y, one to be=l, one to be =— J+ ^ — j, and the 

other to be— J— v^— 4- But ifwe take»=l,0=— }+ v/^f— 4>^od 

^_j ^A^— -, and f not less than I, they will not be imaginary; 

and then, to use similar steps, I observe that tf+/j+y=0, «*+^+y»=:2f, 
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.'=l,^'=l~jf+fx/f-|, and y?=i_|j_,^,— |; therefore •'+/>' 
+y'=3-3f. Also, •'+»+/»•+' +y'+'=/+/s'+,'+^' . Te/t—l -it) "" 
y'-^fv/^f— |— Ic J J o''> generally, if we put m=fv/«— | — |«, and n 

-— j«> since we shall have |3'=l+»n, andy'r:!— n, we have 

^H-»=T^^.^',andy'+'=^=;.V;al8o^»+''==^+^^l5'==^+/T+;^'-l).^ 

y'+''=:y'4.y»x(r^ — l), t being a whole number j therefore «+*+ 
Takev=l; therefore «*+''+e'+"+y''^"=^.(r+^'-l)+y.(l^'~0, 

, . 34-9/ S4-SI 9-l-S< 

because «+^+y=0. Take v=2; therefore* +|9 +y =2^ + 
U*(f+^—l)+v(T^'—l), because .•+«*+y»=2f. Takev=3j therefore 
^9+9/ ^.p9+"+y»+»'=3_3j+p.(i+;;i\'-.l)+y>((l-«)'_l), because «»+0»+ 

y»=3-5«. Tlierefore ^-^i- =a+da!'+ga^+ &c. +R, R standing for 
a series of quantities, every term of which is concerned with (that is, 

multiplied into) some positive power of { ; for (l— «»!' — 1 ) has every 
term concerned with a positive power of m, and therefore with a posi-. 

tive power of g. And the like of (l— n)' — 1 ; therefore we have 



A-fB+C Rssa+dr'+g**, &c. If « had all the time been taken equal 

to 0, many of the above steps would not have appeared, and the analy- 
sis would have been the imaginary analysis above delivered, but not re- 
sorting to that case, as e is independent of the value of the above series ; 



' 
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consequently all terms concerned with f must destroy each other ; and 
therefore, after proper reduction, we shall have the same value for the 
sum, whatever i be taken. 

Thus, we know that ■"7==! +f^+ H^*+ ^44*"+ 5^ 

i/l.^x 2.4 /.4.0 ^•4.0.0 

&c. ; and if we wish to have the expression, whose developement is 
1 + ^ x»+ ^•^Q^^i^tl afi+ ate, we have it, from the theorem above, 

4 4 

3s/\^+ ' ' ^ ■■■3 \ ^-R=(bysquaring 

and indicating the extraction of the square root of the denominator 
of the second fraction for the sake of reduction) — j== + 

— -^ y I ^ M ■ ""f — R ; and consequently if this be developed, 

3 ^ l-f-«+a?*— f jf 

and we remember that in that case all terms in which f is concerned 

must destroy each other, the expression will become x: ■ .<» ■ 

3v 1 — s 

3v/l+ar+x* 

It is very far from my wish to crowd this Essay with examples ; but 
a* the solution of the following will require an artifice not yet shown, 
I consider it proper to oflfer it for the Reader's attentioQ« We kaow that 

i—x^ =1 — yc— j-s ^~X69^**^' ^ consequently wehave, from theabove 
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, , 2.6a:' 2.5.8.11.14 ^ « i—x\ +w •, i^,u^!«^^,tf 

"*^^^^' '- 3:0- -oxios-ir *•- **^- =" —3 »' ^^ ^«'"s P'^^ 

— _^, y^ ■■\J. 

for i4.ia?—a.\/^p_xlf +i+jj'+a?\/ f— ^' 5 and therefore to»=2+»+ 

=^i . 

S . rrp?*— a?* -e— 1^ tt^=2+a?+3.1+x+ic*— ca?»ra;. Now let tt»=:2+a:+ 

3.1+x+ar*"J. w; and as the equation immediately preceding, if we developc 
according to the positivepowersofe, may be written w'=2+»+3.T+«+^*w 
+R, R representing a series of terms of which every term is concerned 

with positive powers of f, we have, by subtraction, n^— it'=3(l+x+«^)*^ 

.(u?— tt)+R; let u?=tt+f', and it will become, after transposition, 

1 

(3.tt*— 3.T+S+^?^) f'+3«<'*+c''=R ; hence f' may be expressed by rever- 
sion, by a series of which every term is concerned with a positive power 
of R J and therefore, by restitution, since u and a: are independent of 

^, f may be expressed by a series (in which u and jf are found) of which 
every term is concerned with e ; and consequently the sum of the series 

^■^8:6:9"^ 3>6.9.12.15.I 8 ^-^^' = — F— +f-R= barely — j— ; 
because all terms affected with f vanish, from what has been already said -, 
that is, f is =R, and u is one of the roots of the equation «*=:2+a?+ 
3 . i+a?+ap*t*w, and u may be found by the trigonometrical mode of ex- 
tracting the root of cubic equations ; thus, put A= arc, whose cosine is 

_-|^^, or whose tangent is ^k!^, then will u=:2.i+^+3^*cos.of 

2yi + i+«* 2+0?' ^ 

/A\ 1 .1 r ^1. ^ • , 2.5a?' 2.5.8.11.14 ^ ^ 

Q), and the sum of the series l-jj:g-s.6.9A2 A5A& '^-^'^ " 

-. JZ^_Z!f ; but it is to be observed, that as u has three values which will 

jsatisfy the equation t*'r:2+a?+3.l+a?+a?»/l.w, so if we wish to have the 
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value of the series *— o^g^ &c., we must not take for A any arc satis- 
fying the equation A= arc whose tangent is ^^, but the arc to be ta- 
ken for A, if positive, is that which is less than 90°, or, if we please, the 
same increased by any multiple of three circumferences ; in fact, taking 



_ ^\/3 x^J ^ _ arv/3 



X 



A in that manner, it will be = ^-^^^ ~2+ '^^ ^^' ^ "2 ^ ^~2 '*"^' 
&c., and therefore the cosine of jA=l — 04 ■*" 24' ^^'^ ^^^ I +* + **!* 
^* "*■ 6 ^ "72 "^ 72 X 7 8 ^ ^^' ^ ^^^^ multiplied by Scos.of 4.A, or its equal 
2-fl+£L, &c. will give 2+ f +??l_i2?l, &c.: to this add 

12 1« 3. 18 18X9 

1— *• , or its equal 1— jx— — — -J^ &c., and J of thesum will give the 

lo d«o*9 

very series proposed, namely, 1 — jjg^ — &c. 

5. The two following are theorems of very extensive use in the appli- 
cation of imaginary quantities to analysis; namely, that if J2r be an arc of a 
circle whose radius is unity, x the sine and y the cosine of that arc, then 

is x:=: ' yJ^ , andy= ^ -i , c representing the num- 

S\/-— 1 8 

her whose hyperbolical logarithm is unity. Now, instead of these forms, I 

shall propose for our consideration the two expressions, . , 

2v^#— i 



and . Put a;= ^ ^ ^>- +R, and vt= 

2 2v/e— 1 ^ 

^ + R', a; and y being the sine and cosine of z ; then be- 
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cause i- t- * 1 +v7=4*+t::i-*'+i=lj- +!----+ &c, , 



^-O+roJ— ^'^^ =*+&''^+S!a+ *°- + ^5 therefore R=— 

ly a wrh» trf terms of vthich every one is mtAtipIied into a positive 
pomsr off 5 and in the same manner we find R'= — ^ — /JT/ V,^ 

^:^^Sl±^r«+&c.,and4sa3cric« oftenns, erwy ^n^ of whicA ju ffuilti- 

plied by a positive power of ^ ; hence, if im a^y invtaligfttiwi «iige use 
these v^ues for xand^ (of wtidi every part is redX it is evident that 
after proper reduction, e, Ri «^d R', must vanish from the equation^ and 
that, in consequence, AOthing wmildtan^ hwnwxaagtyy^xiSkxmg them 
to vanish at the commencement of the analysis, or had they been put 
equal to*0, or, Jn ^wt, any ^alue most serviceable for >pur ^puxpo^e. 

Moreover, as '• — :j =y— R'> and i ^. = * — R^ 

we have ,«^'^+2+r*^^=4 . yTff^, and abo /'^ -2+^*^^ 
-4 . -lip . ^r^% and therefore from the two y— R'l*~f— 1 . ^IIS)^=|j and 



thei«foreB.'=y— j/r^--^^*+^- ^^ *^'^ S^^ frojnihe eguatipM 






■» »■ • ■» 'P 
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sy-^R'+v/T-l .OP— R,ancU =»— R— v^T--^"- ^^— R ; *^^^ iff 

were taken equal to 0, would give the known imaginary formulse 

f"^^*=y +\/=l . *, and «— ^-» =ry_v/=rr . ,. if «= j of the circunn 
ference of a circle whose radius is unity, then willy=0 and «=i, and 

therefore / "^*=v/^, and therefore «= hyp. log. of V-Hi, J. Ber- 

nouilli's Theorem. Also, from / ""^sssv/irr we get /^""^ raised to 

"^power, that is, f"^=^7^ , Euler's Theorem. But instead 
of these theorems, we may use theorems of real arithmetical quantity; 
for, in the case of « being a quarter of the circumference of the circle 

whose radius is unity, we have, from the general equations / ^^ 
=y— R'+v/c^-^p^^j simply / * =\/r^i .7=R— R', and therefore 



. yP' ^g' ^ y^ > 1 R R )^ j^^^j R' being as above ; also, from 






a ^ =Ve=T • r=R-R' we get Z^*-" , that is, /' '"* = 



^^_i . 1— R_R'|^^\ and therefore f"^-'^^~' ' '^"^^' ^j^^^^ 

i 

ever f may be (at least whilst the expression is real) ; and therefore 
if f were taken equal to 0, we again have the imaginary equation $'^ = 

Moreover, if X be the sine of fw, aod Y the cosine, we shall have from 

the theorems «=* "7* *~ t!^(i + m?, j» . t*-St+S &cAand 

a^t—i 6^ 4.5 •* * 4.5.6.7 * "^-/a"" 
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Wt-l 



' ±^ ^x(l+^j|nV+&c.); or, if wc put R=:- 

f.2^x(l+^^V+&c-), and R'==-fyx(l+?^.nV+&c.> wc 

have X, or the fine of »w=S .— -i +R, and Y or cos.ofiiss: 

•••Pa -HWi/7^ 



^ +R'; also, e '^^= COS. of iw+v/^— i . sine of lu — 

R'— y^^T. R; but/^^* = cos.of;«+v/F^ sine of «— R'— v^^TR; 

n n n 

therefore cos.of n«+i/f— i sine of n^— R'— v^(»— I R=(cos.of «+ v^r-^ 



.8ineof«— R' — v/e^R')**=cos.ofr+\/e--^ -^^^^ o^«r+Q» Q represent* 
ing the whole developement of cos.of a+ /c— ^ • ®*°^ ^* ' — I^' — /r~l^ * 
excepting cos. ot «+ v/^— iTsine of zf^ and consequently every term of 
the series, whether finite or infinite, of which Q is made up will be 
either multiplied by R' or R, and consequently, by restitution, each 
term will be multiplied by p ; consequently, if R'+\/c— * • R+Q be put 

ft n 

=Q'j Q' will likewise be a series of terms of which every part is multi- 
plied by f, and we shall have cos.of z+s/^-^l . sine of ^l^=cos,of nx+ 
y/pil . sine of nz — Q' j and in a similar manner may F be found, being 
' a series of terms of which every term is multiplied by f, such that 

cos.of « — %/f — i • sme ot xr=cos.of n« — \/Ph[ • sine of ««—?'. 

D2 
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These tiro last theorems, if f were taken equal to 0, would be the well 
known theorems cos.of z + ^—\ . sine ot ; r=: cos. of nz+s/—^ sine of nt 
and cos.of z — %/— i . sine of zr= cos, of nz — \/^ . sine of nz, under the 
imaginary form ; but whatever ? be taken they must revert to the y^ me 
thing, since, i being arbitrary, it must vanish, as all along insisted on^ 
after developement ; and therefore, by taking it previoasly equal to 
or any other convenient value, we can produce nothing wrong. 

It is evident from the above real formulas, by addition and subtraction 
Ite. we obtain cos.of n^vr:; 



cos.of z+v^©— I .sine of zf-f cos.of ^^ — ^i/p— i . sineof J^+Q'+F 
* — — s r \ i . :i»j- — and 



5 ' ^ ' and sme 



^f ^^ _ cos.of g-fy/g ~i . sine o f zf — cos.of g—y/g—i . sine of /4-Q'>-P ' 

and if these be developed, and every term which is multiplied by i be 
omitted, by reason of the necessity already proved of their destroying 
each other, we get the same as would be obtained by using the imagi- 
nary formule co».of n2= 



cosoiz-^x/^—i . sine of zC+cos.of 2 — \/^ . sine of z* , . 

•"— 2 ^ ^^" S^^^ of nz::z 



^•mttm 



cos.of 2 -fv^'—l .sine of zr — cos.of*— v^'—i . sine of ^T . ^. 

^ g y— ^ — • , that IS, we ob- 



tain cog.of iiMsGOs. of zT — w - ^^^ • smeoO* . cosofz) +n . ^^^^ !1LZ? 

^ 2 3 



n-3 



^ !L_ . sine of z^* . cos. of it — &c. and the sine oftiz^ncos-ofz]*^ . sine 



fi"— 1 it'-^2 \i^—s v' 

of X — n . — r- .— r- . cos.of z« . sine ofz) + &c. 

6- Imaginary quantitiei are used ve?y advantageously in the reso- 
lution of ctf taiE flttxi^nal equation ; for mstancc^ in equati©ns of 
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4 « ji 

the form y+*-:+/5-T;+y7j&c.=0 5 and we are conducted to imagmary 

quantities in virtue of the property of the exponentijrf £**, where s rcprc* 
sents the number whose hyperboKca) logarithm h unityi and m a con- 
stant quantity. The property to which I allude is, that the f5rst fhix- 
ion of this exponential is m . «•";?, the second fluxion m*6*'i*, the third 
fluxion fn^^x^y 8cc. ; consequently, if in the equation above we assume 
yziki^y A being constant, it will become A£*'x(l+ tfm+|8y»*+ym' + Ac.) 
^=0, or simply l+«m+|9m^+7ni'4-)&c.=0, m being constant j and if 
«, 3, y*, &c. be constant quantities, m may be found to satisfy this 
equation either by a real or an imaginary quantity. There have been 
very instructive particulars drawn from the present problem, well worthy 
the attention of the mathematician; namely, the manner of proceeding 
when the equation 1-f am+i3m^ + ,&c.=0has all real roots differing from 
each other, when some of the roots are equal to each other, and when 
some or all are imaginary. 

I sball propose, as belonging to our present object. To find the eom^ 

plete fluent answering the equation j* +y*^ =^- Take y z^Ai^, A staftcMng 
for a constant quantity, e being the number whose hyperbolic logarithm 
is unity ; therefore izzmiA^T, y-fn'x^Ae^i &c , |=m'jt»A . e^ : this being 
substitntcd in the proposed equation, we obtain ti^+l^Ct m=— I mfiH 
answer thi» requisite, and we shall in coos^ueoce have y»A^-* for ^ 
solution. But this contains only one arbitrary cou^ta^t^ wherew, 
from the theory of ftuxtooal equations for a complf te solution^ it ought 
to conUin five arbitrary constants ; and the analyst acquainted witbtb^ 
doctrine of imaginary quantities seeks assistance from th/P imagin^y 
roots of the equation n^+l =0. Now , from what we have alrea dy seen. 

we have cos.ofnr4'V^'^*sin<^offics;:co8.ota+v/--l -wdc otzf; cour 
sequently if we take n=^i and z so that the cosine of t» is x=— *-!, ami 

therefore sine of fiz=:0, we shall have cos.of s+v/"^— i . sine of x)^ cac — I ; 



* If a, B, y, &c, were not constant, l+fiim+fim*z=i^ would only be possibly in V|y|f ff«r 
ticular eases if « were cosKtant. 
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but m'=: — I, therefore m= cos.ofz-Hy^^'IIT. sine of z. Now, to fulfil 
the conditions of cos.of nz=— 1, that is, cos. of 5r=: — 1, we may take 
5z=180% ISO^'+seO**, 18(y'4-360**x2, 180°+360^x3, 180o+360^x4, &c. ; 
but it is not necessary to proceed, as these will give all the values that 
•» can have, and we should have the same values of »» by proceeding as 
by using the five values of 5z above ; hence, for z we are to take the 
values 36% 36o+72% 36^+144% S6''+2I6% and36**+288''; and consequently 
wchave for m any of the five expres&ionsi 

cos.of Sff'+^Z^ . sine of 36^ 

cos.of 108^+V^^sineofl08% thatis— cos.of 72^+\/— 1 .sineof72*, 

cos.oflSO^+V^^sineof 180^=— 1, 

cos.of25^'''^s/^ sine of 252**=— cos.of 72"*— ^/^ • ""^ of 72^ and 

cos.of 324*+v/^ sine of 324''«cos.of 36°— v/^. sine of 36** ; 

and consequently if «, of he put for the sine and cosine of 36% and 6, i' 

for the sine and cosine of 76% we have for m either of the expressions 

following, af+oy/^f — V+by/^, 1, a'—oy/'^ and — V—by/'^; and 

we may take for the fluent, y=A./' '* "" +B.£ '"'"^ "" + 

C.f"^'"*'*'^"*+D.e'"*'*'^^'"*+Ee""; A, B, C, D, and E being five 

arbitrary constants, and we may write it thus: y=/'xvA/' "" 

+B.r^ /+f 'x(c.£^ ""* + B«"^ ""V+E-e""'; but from what 
we have seen, this may likewise be written y=f'^*(A(co8.of aa?+v/^ 

sine of oar) +B cos. of {ax — \/^ sine of ax)) +£""^x (C(cos.of fea?+\/^ 
sine of fc»)+D(cos.of fcaj — v/^ sine of 6a?))+E.«"^; and, putting 
A+B=A', S=Bv^~i=B', C+D=C', and C^D^/^inD', we have 
y=/'x(A'cos.ofar+B'sine of ax)+«— ^''xCCcos.of bv+D'sine of &r) + 
E . r^ ; A', B', C, D*, and E being the five arbitrary constants. And 
to show how this may be imitated without introducing imaginary 
quantities, z being as before, that is, so that cos.of Szz= — 1, takem= 
co8.of jK+<^c — 1 . sine of 5;^:, and y=:A£"^+K> A being constant and K 

variable; consequently, as ;>: is constant, we have ^=Am' . 1**+^, and 



i^^^^ 
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the equation to be resolved is AmU'^+Af+r: + K = 0; but m« =: 



cos. of jr+^^— J . Slue of zf = (by Art. 5) cos.of 5;a:+\/<— i • sine of 5x 
— Q' j Q' being put for a series, of which every term is multiplied 
by (; and consequently, because cos.of5;2r=: — I, and therefore sine of 

jr=0, wchaveni?=: — i — Q'^ and consequently the equation to be re- 

• • 

•• •• 

solved is reduced to ^+K=Q', and therefore KsQ'— tj = Q'— 

^^^Q^-9:i:l.^'^^^ but 

every term of Q' being multiplied by the arbitrary constant e, every term 
of all the fluxions thereof will likewise be multiplied by ^, as < is not 
concerned in Q/ as an exponent of a power, nor as a transcendental ; 
consequently K is likewise a series of terms of which every part is mul- 
tiplied by<: hence y=:A/'^'^'""^'^^'*'"'^*^+K,;r being such that th© 
cos.of 5«= — 1 ; and therefore, putting as above a and ^ for the sine and 
cosine of 36^, b and ft' for the sine and cosine of 72% we may take 



K; K being a series of terms of which every one is multiplied by*. 
I I 

And this may be written y=/''x(Ar'^'"*"+Br'^'"'')+/'*x(Cf'^'"* 

+ Dr^^^')+E./^+K; but from above we have, whatever f is, 

I 

/ *"* ''=:cos of OOP — M'+v^f"IIT.sine otJ3 — AJ, r^ *" *'=:cos.oftf« — 



W 



M' — v^c— l-sineof a»— M, $ *" *'=:COs.of&r—N'+v/f—i. sine offer— N 
andr*'^^*"=:cos.ofij— N'+v/?=T sine ot to— N, M, M', N, N' 



• Q<*«\ Q'Ci^), Ac. Stand for the fifth, tenth, Ac. fluxions of Q". 
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being quantities of which every term is multiplied by f ; these are 
fouB^ by proper smbstitutieoy in the expressions above given, naoiely, 

t^^^ ^--.R'+^^pr. i:^ and g"^^^* s:y— R'-V^i .w^^z bencc, 

by substitution, and putting A +B=A^ X^v^<— 1=6', C+D=C, and 
(JI^ ^^— l=D', and considering A', B'l C, D', and E arbitrary con- 
stants, independent of the arbitrary constant f, we have j/=/* x (A' 
x)©s.^f«x+B'-stoe^f«r)H-r^'* K (Ccosxrf Anf D'sine of te)+E,r-', the 
same as before, because the terms M', M, N', N and K being each a 

series of terms multiplied by ^ which is independent of x and ^, i^l, 
from what has been repeat^y «^ed, destroy -each -other • 

In finding the integrals of Equations of finite increments, the ima- 
jginary quantity very frequenftiy occurs, as weH in the necessary jnte- 
jgral as in the correction. All the steps may he hnrtated ty smrilat 
means to those I have used above, and the imaginary quantity avoided. 

Imaginary quantithss have Itieen used, in the doctrine of series, for 
^kt dettenninatkm of the ismms of trigonometrical series. See Lamdra'iB 
Madicnatical Meomni. 

I hrFC shown, in tbe Pbilosophioal Transactions, in a Paiper read 
before theiUyai Society, Eeb. IS, 18(K, liow imaginary quantities 
may he avoided in those speculations of Landen, by the application of 
a method of differences, and a method will easily foflow from this Tratrt 
(for wiping the same tiy imitating Landen's steps, and adding what our 
method points out. 

I tlnnk it not improper -to runaric, that» whenever y^t indicate an 
equality between quantities which are in themselves incomparable, the 
meanii^ OEnust be not a neal equality, but a^conditional tfquaUty arising 
from the condition of certain changes^king place. 

H^thematics, 4n hs present improved state, albounds ^ith indiimxioms 

ofsuch conditional equality, the equation jj^«=V^—l/ signifying, ac- 






b notation^ the increment tal^en n successive tinges 



A 



ofth h =3\/ —1/ ?? only true after certain changes have ta)^eii pl^^e* 
And in this way do I understand the sign =, when found in certain ima- 
ginary equationt ; and the conditions are, that in operating with \/^, 
we are to openkte «d w/e would with \/i-^9 ^md then afterwards jpx^ungt 
f ; or, fihprter, only to suppose 4 to be theije without inserting jJt. It 
BHgbt be thpught more consistent ^th reason to use a different sign 
when ^n<}itioQj^^ equ^ity 19 ffie^nt to be e^ pressed than when re«l 
equality ijs to be in^rcedj ^4 np 4oi^bt it would ^jrbe^e w^ ^ouid 
pther^^e jbe able jtp draw wrong ^o&rences* 

7. The Reader^ d^rin^ his perusal of this Tiract, l?ftd ^n opjportunity 
of observing tlj^t the introduction of the arbitrary ^antity in ,tbe 
different expressions which consist of imaginary parts, independent of 
that introduction^ had the effect of giving ;^lity jto sepafTOte p^rt? of 
the real sesult^^ and that the results did not at jill ^Iter by changing the 
YfLbxe of theiurbjtrary qi\anti ties introduced ; and, consistent with the 
definition ofporisms, 1 think I may venture to call expressions con- 
sisting .of s^cb arbiitirai^y ^uantitiesi porism4^ expisesiioiiaj and hke)idse 
to use the terjn to jpofv^fotifle, ^n <expi;a^a^9(n to ^ign^ jthe ^ct ftf intro^- 
dtu:i]]£.o^,i(rbitrary gi^uitity pv jpipic in^to 41 £oTSQf}JA, jiv<4i J;^ the 
expression ^U ^e .co^st^tly rof ,tl)jB s^me v^^lu^ ndjeti^er or joiot the 
arbitrary quantity <>r ^antit^ies be varied. This is an indeterminate 
problem, which, generally taken, appears to me to offer a new and ex- 
tensive fijdfl for^^cu^a^ion. Xet 4is p^w c^i^ider ithe jnde^cpninpte 

problem, To porismatise or to complete the expression ^a+ft.y^-^fl 

-^l/o^^^/^- P^t it .?qu»l to v^i+s»+A^^^+ l/A+m— i Ve-^^*f 
«ul square both :sides of the ^nation, and we thave, after reduction. 



'^-n^Ti^.«*+ W-h«?»*-^.« ft^J^l > ^fiW^P botji (Sides, aM .wt .get, after 
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reduction, —2m \/a^+b^zz2am—b^ . ^ ; and consequently ^^2^jr^rTTp> 

or its equal — 2^~ '^ * ^^^ consequently the formula, filled up, 
completed, or porismatised, may be |/a + if . (—a — \/a^'^']) + 6</c^l 



+ v^a + i^ . ( — tf — Va*— i*) — ib ^jlZil, an expression containing an arbi- 
trary quantity ^ ; which expression, if a and b are given quantities, is 
itself given, though ^ may vary. If ^ be taken equal to 0, this expres- 
sion will become the proposed expression x^a+bx/^l\'^\/(^—b \/— i^- 

The above fact may be enunciated as a porism in the following man- 
ner :-— If o an d b be given, A is likewise given, such that, whatever ^ 
may be, v^a+A^+ft \/^— l|+t/«+Af— i.^/jf^l] will be given : and the 
investigation of it may be as follows, independent of imaginary quan- 
tities. 

Suppose it true ; then, because the expression is always given, what- 
ever f may be, therefore, taking ^=1, we find it to be =2v/a+ A ; that 

is, if the position be true, we have V/«+Af+6.t/p^l + \/a + A^— !». v/^— 1\ 



=2v^a+A s square both sides, and we have 2a+2Ai+l/a+A^* — fc*.^"^ 

=:4a+4A; consequently v^a+A<r— i*.^— l|=:a+2^A; and, squaring 
a* + 2a A^ + A y— 6*^ +b*zza^+ 4a A — 2aAe + 4 A* — 4? A* + e*A* ; consequently 
i».f — 1— 4aA . f — I— 4A* . f^=0 ; and therefore, dividing by f— I, 



6»— 4aA— 4A*=0, and consequently A= ^+V^^+^\ Q.E.D. 

The same may be enunciated as a porism concerning lines, as fol- 
lows :— 

Given th^ee right Unes G, A, and B ; there is given a fourth right line 
R, such that J if r, q, p, be any right lines at pleasure, constituting re- 
spectively the base, perpendicular, and hypothenuse of a right angled 
triangle, and X be a/ourth proportional to the square on q, the square 
on p, and the right line R 5. <md Z a fourth proportional to the right 
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Unesqy r, and B ; then^ ifV he a mean proportional between G a9u( the 
mm of the right lines A, X, and Z, aindQ,a mean proportional between 
G and the excess of A and X above Z, the sum of P and Q shall be 
given. 

The Reader is requested to pay particular attention to the geometric 
cal. investigation of thisporism which I am now about to offer, as I am 
'. purposely leading him through a route in which imaginary quantities 
may be passed over by the geometrical traveller, without, perhaps, his 
being aware that he is treading on a ground which by many is con- 
sidered unworthy to be trodden by the geometrician's foot, and which 
is even by some believed not to be possibly found in his way. Suppose 
it true ; then, since the sum of the right lines P and Q are given, the 
square on this sum is likewise given ; that is, the sum of the spaces 
which are the square on P, the square on Q, and the double rectangle 
contained under P and Q is given ; but the square on P is equal to the 
sum of the rectangles contained under G and A, G and X, and G and 
Z ; and the square on Q is equal to the excess of the rectangles under 
G and A, and G and X above the rectangle under G and Z ; conse- 
quently the sum of the square on P and square on Q is equal to the 
sum of double the rectangles contained under G and A and under G 
and X. Let L be a fourth proportional between G, P, and Q, and conse- 
quently, because the sum of the spaces which are the square on P, the 
square on Q, and double the rectangle contained under the right lines 
P and Q, is given, we have its equal, the sum of the spaces which are 
double the rectangles under G and A, under G and X, and under G 
and L, given ; and consequently, because G and A are given, the sum 
of X and L will be given. Let M be the right line which is equal to 
the sum of the right lines X and L ; then will M be given, and L will 
be equal to the excess of M above X ; and consequently the square on 
L will be equal to the excess of the sum of the squares on M and on X 
above the double rectangle under M and X. But we have taken L, so 
that, as L is to P so is Q to G ; and consequently the square on L is 

£2 



id th^ )iqili2Lft bn P so Ih t^e ^qmte xm ^ to tli« ^MZtt "on G ; bnt the 
JiqAtre on P id dijlial to the ^^ctMgle ttttder G aiul the right line which 
h e^ual to the I^Ai of A, X^ and Z ; atad the square on Q is le^al to the 
rectangle under G and the right line which is equal to the excess of the 
sum of A and X above Z ; consequently, from the proportion just 
mentioned, we see th&t the square ot, L is equal to the rectangle under 
two nght lines, of which the one is equal to tlie sum of A, X^ and Z, 
and the other the excess of A and X above Z $ and consequently that 
the square on L is equal to the excess of the square on the sum of the 
lines A and X above the square on Z, that is, its equal the excess of the 
square t>n A, the square on X, and the double rectangle under A and X 
together above the square on Z. But the square on L was also above 
dhown to be equal to the excess of the sum of the squares on M and on 
X above the double rfectangle under M and X, and consequently, by 
comparison of these two values of the square on L, we find that the 
excess of the square on A, together with the double rectangle under 
A and X above the square on Z, is equal to the excess of the square on 
M above the double rectangle under M and X. 

Tunhermorc, take W ti fourth proportional to q, p, and B ; conse- 
quMtly the square on q is to the sqtiare on />, so is the square on B to 
the square on W ; and therefore the excess of the square on p above the 
sqliare on q; that is, the s^uatre on r is to the square on ^, so is the 
t^ces^ of the square on W above the square on B to the square on B ; 
but, by hypothesis, y is to r as'B is to Z ; consequently the square on r 
is to the square on :q, so is the square on Z to the square on B ; that is, 
firotti ihtmediatefy aboVe, as the excess of the square on W above the 
square bn B to 'the square on B : whence the square on Z is equal to the 
excess of the square bn W above the square on B; and therefore, be- 
cause We have shown that the excess of the square on A, together with 
the double rectangle under A and X, above the square on Z is equal to 
the ekcess df the square on M ^bove the double rectangle under M and 
X, It follows that the excess of the square on A, together vitli the 



doubte tectftBgle imder A and X and the ftqiuare on B, nh&v€ tb( squf^ 
on Wy is equal to the excess of the square on M ^Wvie t^e ^^ublf 
rectangle under M and X. But M, if the pom^m be true, baa hom 
proved to be gircn (thou^ p be variable) ; oonaequently, if p be .evier 
so small, or even «evanesoent, M will stiU be the »aie; bat if jl dhp 
^vanesoent, ^ i^ot being so^ W and X would both be eraafiscent ; we shouU 
dierefope ha^e, from liie .general case, that the)exce36 of >tfae square on 
Af together with donble the rectangle under A and X ; and the squane 
on B above the ^uareton W is equal to tiie excess of ^ square on M 
above the double rectangle under M and K .; Ukewise, that the.aquace 
ion Ay together with t^ square on B, >is equal to the square on M ; jaii4 
therefore, hy ^subtraction, die excess cf the isquase pu 'W,.alioiQeihp 
double rectangle under A and X, is^equalto tiieidouble isGtangle under 
M and X, and consequently the square on W is ^equal tto t^e double 
rectangle under the sum of the lines M and A, and the linse K. ,But we 
liave already said that die square on qis to the square on pas the aquafe 
on B is to the square on W ; and likewiae, by the proposition, as R i$ Jko 
X ; therefore the square on B is to the double rectan^ under tthe som of 
A and M, and X, as R is to X ; and consequently, as twioe the ^umiof 
A and M is to B, ao >is B to R. But M is given; consequently H k 
given. Q.E.D* 

In the investigation 4)f the trutih'Ofporisms, besides the eoqsidemtion 
of the case proposed generally, it is conummly found of advantage to 
consider oertain particular caees^of the porisins, in ^ich'th^ may b^ 
come more simple, being rendered so bycertain^ermsvattiAingan^tliose 
Hcas^ : thus, in Simson's first Pertsio, a certain propertyis to ibe ehown 
to be true in whatever manner the right line EEG.is drawn thraijgh tl^e 
point E, or, in other words, whatever 1s^ the angle HEF; and, besides 
the general case, 'Simson assumes a particular 'case, 4n»Which tbe an^ 
HEF is nothing : the assumption i)f such eases of eo^-^ontinually aofiur 
in Simson's 7Vea/wc on Porisnu. The case of ease which i have used 
)is^ when p ^vanishes under the supposition df^^' not vanishing.; but f 
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being the hypothenuse^ and q one of the legs of a right angled triangle, 
the case is impossible or imaginary, and the lines P^and Q would be also 
imaginary ; but still I contend, that the investigation is perfectly geo- 
metrical ; for, though we have assumed a case incompatible with the 
porism proposed^ still, as that case is not all incompatible with the ge- 
neral equality which was under consideration, namely, that the excess 
of the square on A, together with the double rectangle under A and X 
and the square on B above the square on W, is equal to the excess of the 
square on M al)pve the double rectangle under M and X, that case may 
be assumed as far as regards this equality ; but this equality cannot take 
place throughout the whole limits of the proposition, unless it takes 
place generally ; and therefore the assumed case being incompatible 
with the limitations of the proposition, can by no means affect the 
validity of the argument. 

It is plain that the assumption of the imaginary case of east may be 
avoided ; and, had we taken the case of q evanescent instead of j&, that 
object would have been accomplished. 

To dwell long on the subject of porisms would be carrying our 
views from the main object of this Tract ; still, as we have been led to 
consider that branch from the nature of our immediate object, the 
Reader might consider me leaving him too abruptly were I at this mo- 
ment to quit the subject. I shall therefore remark, that it is not only 
quantities consisting of imaginary parts which may become the object 
of this, Ibelievey new speculation, as will be evident from what follows. 

Paoblek. — Porismatise a.b. 

Solution.— Put it » s/d"-^ x/b* + m* ; consequently a*.6*z=a*6*+ 



a*m»— iV— e*»** ; therefore m= y^ ^^ ^^^ we may state, in the form of a 

porism, that a and b being given, k will likewise be given ; so that, if 

m=s ■- , 7 ; > ^/a*— f* \/ib*+m* is given, whatever ( may be. And if we 

investigate this, we shall find * = * and \/a*^* s/W^^^aby whatever ( 
is. Again, take the same expression ab^ and put it sso^^x b-f ;=:ab-h 
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of—bm—fn} thereforem=r^, and we may state as a porism, a and b 

being given, k is given ; so that, if mzz-—'^ a-^-m .ft+< will be given, 
whatever f may be, and k will be found =a, and or^m .ft+7=ai» 



Take a+v/oM^*. Put it =a+m+v^m+al*— c*+6*5 therefore m«^ 
2wiv^a*+6*+a»+ib»=fn*+2nia+a*— 5*+ft* ; therefore 2 . (a+\/a*+k*)m=f% 
and we may state, that if a and ^ are given, r is given ; so that if f be a 



mean proportion between r and wi, a+m+v^m+o\*— ^*+ft* will be given, 
and by the investigation of the porism we shall find r=^2. (a+v/?-HS^)- 
We might proceed now to a description of porisms containing two or 
more variables ; but I prefer leaving that speculation for the present. 
The second Tract of these Series will, I think, contain some new subjectji 
on imaginary quantities, in their application to geometry. 

END OF BOOK I. AND TRACT I. 
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INTRODUCTION, 
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Aet. 1. . An algebraic $^pre8^sv>n, in which any letter, a? for instance« 
13 cQUf^roed, is ^aid to be a functipu of air; thus,, 0r-iV, ^,+.^t .aa;-f-&;v'^ 
^/^asTi^f &c« are all said to be functibi^s of sf. Any ei^pression madf 
1^ pf two or more letters may, in like maqnejr,, be said to be a functioii 
of my or all of those lettei?; thus, y^sov^^ Jnpi^ be said tp b<d i( 
function of sf^ or » function of a and ^, 

Art. 2. In the application of algebra to ge€uuet;7> suppose the point? 
A« C, B, to be in a right line, and suppose AC^x^1iC^(h , 
ixid conceive the right line BD \i'ig^ I], by j?ome p^o- ^ 

perty proposed in the inquiry, to be expressible in terms ^^ 
of AB» ^at is, in terms ofa+x; tben may BD b« s^id ^^ 
to be a function of a+x^ or it may be said tP be a 
function of a?> or a function of a; but unles^ a and op aqe fu|^ctions,of 
each other, calling such an expression pnly a function of one of tl^s^ 
quantities would only be proper, under the Jdesi of our meaning simply 
to draw the atteatioii to the manner ia which di<? said quantity ^ntecf 
iu the expression* The same is to be noticed with regard to Ajct. h 

Akt. 3. If there are two expressions or functions, one in which y i» 
concerned without 4?, and the other in which ^h concerned without y>* 
and if the former, by writing a? in the room of y, becomps identical with 
the latter, then is the former said to be the same function of ^ as the 
latter is of (v, or the former may be said to be a function of the same 
character with regard to y, that the latter is with regard to ^; thus, for 
instance, %/«ai;+jM is the sa me func tion of y that \/9mTs?\ is of a* ; and 
we would also say, that v^foy+y*! is the s^une function of a and jf as 
V^2iup+z*l is oH and x: and here we must be careful not to transpose; 
for instance, not to say ^/^oy+y* is the eame function of a and y, that 
^£te+i* is of a? and fc 

Abt. 4u Returning to the ea;ample of the application of algebra tp 
geometry (Art. )2), in which BD is supposed expjteasible by BC> we* 

♦B 
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observe that, if the point C [JRg^. 2], instead of being 
taken at the same side of A that B lies, as in Art. S, we 
take it on the contrary side ; AB, instead of being =a+ar, 
as in that Art^will be =0— %r; and other things re- 
maining as before, BD will now be the same function oiF 
iit'—j; as it was in Art. 2 ofa+Jp; or, if we are only anxious to particu- 
l^rise thq function V|th regard tq the manner in which a? enters, we say 
IBD, in this ^Article, is the same function of — rr, that BD, in Art.^, Is 
of J?; andconstequently we see, that if a*, in thesbliition of ageometii- 
iiai problem, had been put for a Bnt tendihg in a certkin direction from 
a point, and x comes out negative, it is sufficient, tb' give significance to 
the solution, to consider the lin6 to tend from the said point in the con- 
trary direction to that assumed in the solution ; and that it is not at all 
requisite tp go through a new" solution under that change, as the effect 
is evident without. 

Art, S. From the explanation of the use of negative roots in the,ap- 
plicatipn of algebra ^ to geometry, curiosity leads us to the inquiry, 
iWiether Or i^O^ Imaginary roots can have also a meaning in geometri- 
cal' tes^arche^ ; and our I)r. Wallace, to' whom analysis ' is much in- 
Sebted, in his Algebra has/many attempts to explain the meaning the 
imaginary roci^' may WVe in the' application of algebra to geometry. 
Among othei^ places,' he says, p. 268, **So that, whereas, in case of 
** negative roots, we are to say that the point B cannot be fpUnd, so as is 
'* supposed, in AC forward, but backward from A it may iii the same 
"line ; we must here say, in the case of a negative square, the point B 
" cannot be found, so as was siipposed, in the line AC, but above that line 
** it may, in the same plane. This I have the more largely insisted on, 
•* because the notion, I think, is new, &c/' There is, in my opinion, 
much ingenuity in this observation, though I do not think it correct. 
If a problem requires the position of a point, it is not at all unlikely 
that, in attempting a solution of the problem, we might have presumed 
the point to be situate in a line where it cannot be, notwithstanding 
the question might in itself be possible ; and in that case, provided the 
resulting equation rests upon that presumption, the said equation ought 
to indicate the impossibility of the presumption ; and from this we at 
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least learn that we are not to consider a problem to be impossible from 
the bare knowledge of all the roots of the resulting equation being im* 
possible, till we have shewn that we have not limited the question in our 
attempts by our presumption ; and, whatever we may determine on 
Dr. Wallace's ideas, it must be granted that it would be a brilliant dis« 
covery, could the roots of a resulting equation, under any limitation of 
presumption in the investigation, be shewn to lead, at once, either to 
the solution of the problem or to a demonstration of the impossibility 
of it If a point sought is to be in a certain right line, though 
we may have presumed that the required point (see Art. 4) is on the 
wrong side of a certain given point, which is the origin of the magni- 
tude represented by the unknown quantity, a negative value of the 
unknown quantity may correct the hypothesis; still it may happen^ 
notwitlistanding all the roots of the equation under consideration are 
impossible, that the question may be possible, and that the point may 
be really foubd in the said right line ; and from this we might expect^ 
in case the impossible roots of an equation could be rendered use- 
ful in determining, the position of a point required by the question, as 
the learned Dr. Wallace suspected, that there is no reason for expecting^ 
as he did, that such roots particularly direct the point to be taken out 
of the line in which the solution presumed it. That my meaning may 
be perfectly comprehended, it may be expedient to consider what now 
follows. 

Art. 6. Let it be required to find a point C in the same line with two 
given points AB, so that the rectangle AC.BC may = J*, the distance 
AB being =a. Now, if the point C be presumed between A and B, 
and AC be put =ir, we shall have BC=a— a?, and consequently 
OcT— J?*— ft*; and therefore drrr^a+v/ja*— 6% which will be impossible 
when J* is greater than -Jo*; notwithstanding which the question is not 
impossible, for if the points be taken in the order A, B, C, and AC be again 
put =j», we shall have the equation a»r+j^=J*, and a^^ — Ja +.v/ia*+5% 
and the two roots which this gives are always possible, and the positive and 
negative roots both answer the conditions of the question, the negative 
root giving the order of the points. C, A, B, contrary to the presumption 
in the solution : and this remark is by no means new. If ft' be less than 

*Be 



^, tlMi ve hive four real aos^frft t« tbo qu«»tk>Q; but; in order t# 
obtsm time by tbc qqwpoa rak^ of algebm^ we ar^ obliged to aolve 
tho qumttfm by two dlffipre^t lo^tboda. Whilst some questions require 
two Off mure different solutioiis to arrl\^ at all the answers^ there are 
othen of which there are rcK>ts to the resulting equatbu of which 
tibe qufistm will not adniit j aa^ if tha question requir^ a eertaio addi- 
tion, and some of the roots of the equation wece, in coasequenoe of U^ir 
^cojng out negative^ to Qonvert the operatic into s^ wbtractioi^ ; or, 
if the question in any wi^ limited the magixitude pf a line in a manner 
9fbt determinable irom the equation, $fc. 

Ab V* 9"* An attesipt to explain the use of imatguury quantities in geo- 
aetry, very similar to that of Dr« Wallaoei is ooe of a very ingenious 
goitkmaii. Monsieur V Abb6 Bu4e, in the |^hiV>so^iQaJl Transactions for 
the Year 1806, a work which I read when it waisi first pubUsbed, and, 
l^eing tbep unacquainted with what J>u Wallace h^d written oa the 
sul^^ty I conceired the paper well worth serious attention ; and though 
I, have not been able to coincide with that very ingenious gentlen^an's 
ideas, I am anxious to say that I owe many of my observationa in the 
present book to my endeavours to follow the idea contained in that 
work. Hie Abb6 coosidc rs, m did Dr^ WaUace before him, \/^ a 
ipean proportiou between + 1 and -^i ; ao4 coneeiving that if a line in 
any one directioa be represented 1, that an equal line in the contrary 
direction will be represented by —1. Moreover, that in a circle ACFD 
>^^ [Fig. 3}, if AD be a diameter, and ¥V» a right line cut- 

ting ibe circle in F and the diameter AX> in £, perpen* 
dicular to AD, we have FEs:\/A£.EO^ it follows that 




if BC be perpendicular to AJ), and pass through the 
centre B, we shall have BC-^v^ABxfilX The JibH 
concludes, that, if BP=1, AB being =— I, BC will be equal to 
x/\x — il3B\/^^, BC being 1 in magnitude, and from thence that 




'—\\ is' the sign of perpendicularity. I am willing to confess that 
this argument by no means appears to me to carry evidence with it, or 
even any thing in the shape of evidence; still the object seems to be 
ingenious, and the use made of it worthy of consideration ; and I shall,^ 
in consequence, now tiieat on the application made of this by our ai|U)oi^ 




to explain the metniiig of the imagxiMfj root of tlie eqoaitoii k Aft. .9 
taking place when i^ is greater than ^a*; and asi» is found ^4^^; 
v^ja*— i% we B»y write it Jt:z^a±ji/b*^yifyy s/—\ ; and we are, m con*^ 
sequence of the idea of the author \Pig^ 4], to take 

AD=H^ ^^ ^^ ^S^^ 1^ ^^ ^^^ ^h^^ ^^ ^^^^ I^G P^'* 
pendicular to it and equal to v^M-— ia», to join AC, BC, 

and to have the lectangle AC . BCsfi^, which is true 7 
aiid> to use the exprea$ton of Dr. Wallace, we have a 
solution to the question proposed in Art 6^ by allowing fl mitigation, 
which niitigation is oaily leartag out the limitation that C m^f be m 
the same right line with AB. Here I remark, that or^ and the same 
equation may result fhun varjbus questions ; that it wontd be easy yxr 
propose questions to which any proposed equation may be the resuftmg^ 
equation^ and such that the imaginary roots would give solutions \f 
explained in the above manner ; but other questions might be proposed 
to which the same equation would result where such an explication 
would bring out a false conclusion ; and this I think a sufficient plea to 
reject it. 1 might likewise add, that the question in Art. &, with the 
mitigation here proposed, would be unlimited, and that therefore a so- 
lution which limits it cannot be what is- son^t after. The learned 
author's idea seems to me, thougji not dbclai-ed, to be that a line m oner 
direction may be expreased by a certain function of* an equal line in 
another direction ; that if the first line be repreBentted fay o^ dotat tlie 
line in the opposite direction would be represented by —a; and if^ for 
instance, we represent BD \Fig.^ S] by a, and BC by such a function of 
a as is denoted by ma, in being a given quantity, that, in consequence 
of similar positions, AB would be tbe same function of BC that BC is 
of BD, and consequently AB=m.BC=in\BD ; but AB is said to be 
equal to — a, and BD=a, and therefore «i*=:-^l, or m^^jT^i ; whence 
BC=\/^.a^ The Reader mufit not forget that we have begged the 
question in supposing that the required function which BC is of BD 
was necessarily expressed by ma^ and that such a solution is not to be 
trusted to. Notwithstanding this, I have,, in consequence^ of this 
theory, been led to consider the application of v/-^ in geometry more 
minutely, and have fallen on the idea to consider it as resulting from 
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a particular case oi fiMcHanal projection ; and, to prepare tbe tleader^s 
mind for this notion, I shall observe, that projections have been used 
£3r various purposes in mathematics, and that, when pictures of real 
objects are drawn, according to the rules of perspective, upon a plane, 
the distances of the pictures of the different objects from each other 
will be certain functions of the distances of the different real objects ; 
and in many cases, from the position of the pictures we may determine 
the position of the objects themselves with advantage. Instances of this 
are not uncommon in the uae of the different projections of the sphere, 
and, from what we have already said of functions, the Reader will see that 
the determination of the points in the picture which are the representa- 
tions of real points without, is only the determination of different points 
in a plane, whose distances from certain given points in the same plane 
are expressible by certain functions of certain data. If \Fig. 5] £ be the 
eye^ £B the principal ray cutting the picture in B, BC a line in the plane 

of the picture, D the object in the plane of EBC, 

whose representation is required, DC a right line 

perp. BC, cutting it in C ; let ED joined cut BC in 

P, then it is plain and well known that P will be the 

representation to the eye at £ of the point D, and 

PC the representation of CD, which is perpendicular to CP ; and thus, 

without going into any metaphysical ideas, are we reminded that a point 

in a right Ime may be the representation of a point out of it ; and if £B 

sro, DC=^, and CB= J, we have BP= ; that is, BP is a function of 

DC or x^ which is represented by ; and if, instead of projecting by 

right lines, of which £PD is one, we had projected by curve lines, we 
should then have had DP a different fimction of DC ; and thus the 
Reader may understand the notion of functional projection, a term 
which I here venture to introduce into mathematics. Mercator's 
projection of maps is another particular case of functional projection, 
as b the Globular projection, or any other projection projected accords 
ing to a particular function. 




BOOK 11. il 
ON IMAGINARY (i]UANTlftE8. 

GENERAL, THEOREM. 

]^V &e a jKn'ni ou^ of a right line ABj an^ -Q, 
e angle ACiP 
! faint t» the 
hat QV may 
ken shall AP' be a determinable Jwtctum 

FoJc PQ IK a detenntnable fancUon of (AP, angle A, and angle Q), 
.or, the adg^ QfJMiog given,, a determinable function of AP and the 
^ngle A; but QF is a gireo function of QP; it is, therefore, a deter- 
midable function of AP and the angle A. Again, AQ being a deteiif 
.ipinablefauctijQnof AP'and tberangles A and Q, .or the ang^Q being 
^vep, a determinable function: of AP and the angle A ; coteequentLy 
AF is a detaripinahle fanction of AP and the angle A, it being.the snm 
of two determinable functions of AP and the angle A, of which the one 
is AQ and the other QP. Q^D. 

CoreUary U — BFis the same, function of FB and. the angle B, that 
AP' is of AP and the angle A. 

D^nition X. — F is stud to be the representation of P. 

DefinitwiL^.—li the angle SRS':= the angle PQF, RS' the same 
function qi I(S that FQ is o^ PQ, then is S' said to be a similar repre- 
sentation of S ia R'S' that F is of F in QF, and vice tersd. 
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Coronary S.— Wherever A and B be taken in the right line AB^ fiS' is 
the same function of fiS and die angle SBS", that AP" is of AP and the 
angle A. 

Definition 3. — ^BS" is said to be the measure of BS, and AF the mea- 
sure of AP ill the rjght line AB ; 9xid 4iiexbatact«r of the function of 
PQ, whtcfh is the value of PQ, is 3a!d to be the character of that mea« 
sure, Q being a given or constant angle ; and that character is likewise 
said to be the character of representation. 

CoroUary 3. — ^The measure of AP, on the line AB, is equal to AB 
added to the measure of Pfi on iSiat Itnei if both measures have the 
same character. 

Definition 4. — JfV^^ or its equa^ is said to be the directional magni-' 
liMfe of pP^ with respect to the right line AB, ifD^aiidF be similar 
representatioii3 of D and P in AB. 

AnT. 2. IBttrtration. — Suppose PQ perpendicular AQ {Fig^ 7]i and 
tiP'=«.Qr:<a bang a given quantity), PQ=:AP.F (angle PAQ), and 

AQ= AP./ (angle PAQ), F and / being the cha- 
racteristics df given, or at least determinable 
functions ; then shall AFsiAP. /(angle PAQ)+ 
«. AP.F (itiglfi PAQ). This may be leprcaefttcd by 
AP.^ (ugle PAQ), in which ^ stands f6r Ae 
cbaracteifatic of a function, which, because a k given, is itsetf deter^ 
fluttdble. Let G be some other point in the plane PAQ, and P" the 
wntlar rcpcesentation, in the rigirt: line AQP' of G, that it is of P; 
Idlest ^ tlcfinition and notation, AFt= AO.^ (»g)^ GAQX Draw PK 
paralkl to AQ, cutting the right Ime AG in K ; draw, tikewfe^ Gn, 
Gm perpendicular to PK, PA, cutting tfaem in n and in. Abo demit KS 
perpendicular AQ, cutting it in S ; and let K' be the similar representa*- 
lion of K in AQ that F is of P ; that is, let SK'rrcKS (a«-PQ-) QF, 
because PQ=KS; therefore SQ, or its equal KP, is atK'F; bnt, hj 
hypothesis and CoroUary % AF is tcAG.^ (angle GAQ) aOK^ 
twgle OKF) ^ ISJup (angle KAS) ; but, by definition, AK's AK.^ angle 
KAS; tiMofere AFaGK (^iU^^-AK, theicfore K^F, or its equd 




s!inHftrireprweDMtioB«fiGijitheni^tlUe KP, IkatFisof P in the 
right line AQ, aid ^rehre Pmes^Jsm. New, if it' wer* ^rthw jit- 
.quirgd that I 
ve should 1i^ 

.twHy jinpps 
.cani¥>the eq 
then we migh 

of 6«iMad G^, and, iftie leqi^ffiteof IfteriiiKiii^ate^ V,:ti^r<^p)t/^. 
lliis.aasvinptifWVJiQtvithf^tiding ^ ii|ipo^ihility, affords curious analy • 
itical iDferencei ; and though,, aritlunetically, the aasunlptionviayappei^ 
'to^ave oo «)ea^mgf J'tni^st I.ah^l bcjible to shew both its }i£eSB^.gfi^jjip- 
try and its meaning in arithmetic. The represetiution which this gives Is 
not^real bMt^magifiju'y : the c^iwacter of this iwt^fpmaty repjxsfi^;ion 
is, that PQP' being a right angle, and'P' tbe representation of P, that 
QP' M(ftlwafiv =;y^<Q|Pii and, frpp iflie a^^ consideration, if G 
han likewise its similar representation in AQ at the same point P', P Vill 
he the similar representation ef € in Ibe line jA;P ; :it '^ewiwrfqUcavs 
,that AF=AP.^(ZPAF), and.-SLAC^jzGAQ), and also that AP= 
AGijSi^Z.'GKf),-^ being the same fuiietionat-ebaraeteiiistic.dirAog^iaut. 
^tltt the repr^g^fifation in AQ, w^^Ji^r^ considered tbe result of suc- 
cessive or of immediate representatioD, 'is the same pMnt P, .Ktbateyer 
tbe lines va.y he throu^, whjdi the 'successive repreeefitatiotiB are 
- carried. ' , 

Corollary: — The directional magnitude of any right line (in -this re- 
presentation) with fespect to two ri^t lines parallel to-eaCh -o^er, ,are 
equal, ^r 'KP {Fig. 7} i» the ^irtctwual. magnitude lOf.'G^K.n^h 
»gard to 'tiie right line passiBgfhDHigh^caail P^ lodX'jP' is t^e di- 
rectional magnitude of GK with regard to AQ, which is paraUcl'tpiKP, 
and KP is cIM*'. 

*C 
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■ Aet. 3. And M>- (Fig. g]\( HA be peipetidiculii^ AP', and we divide 

:r of equal paits or 
P'i by means of the 
' (whose place Is ima- 
f the last mentioned 
i line AP", we shall 
P=AG.<P(ZGAP)= 
fcc. J therefore AP'=: 
l' = &c. ; and there- 
fore if n were a whole number and the angle PAP* = , jC HAP be- 
ing a right angle, we should bave AP'=^AH.^*, and Also = 
AH.f6iPAi»)»'; 

=AG . ^if"=AI. :rn*'= &c. ; and if the angle WAP'=m x angle PAF, 
or, vhich 14 the same thing, — . angle HAP', it and m being whole num- 
bers, and P' be still the similar representation of W 48 of P, we Bball 

haveAP'=AW.^'-=AW.=:rD * , the angle HAP' being denoted 

by unity, or equal to AW^^ , if the angle HAP he denoted by 
i, or twice the angle HAF, thfit is, two right angles be denoted by 
unity, whether WAP* be a divisor of HAP' or not ; and because we 
shall have HA in the same position if the angle P'AH be taken =7+4* 
right angles, « being either or a whole number positive or ne- 
gative, therefore AP* will be equal to AW.^^*^*'', if S-I-St right 
angles be denoted by imity, * being either or a whole number positive 
or negative. 

[fig* 9.] Still reserving the same character of representation, if P' be 
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the representation of P in tbeTight.line AB, then' 

■ AF being =AB+BP', it fo%ifi5 that, if two right ^^^^7^ 
angles be denoted by unity, the angle PAB by n, ^^"""^ / ^ 
and the angle PB^ by m (since AF=AP . :=:TJ', and * 

BF = BP.=rir), we have (AF=) AP.=n" = 
AB+^^TTr. PB, a Temark^le and vs^frti property. A» mi example; of 
the truth Emd use of this property, -let ua suppose that the angle B^ 
which is represeated by m, is a right angle, and that two right angles 
be denoted by unity, that i^,' t&te 01=^ -,' consequently (AF=)AP.^^' 

■ ssAB+^*. PB. No w, let th e angle n~45% that is, let n=i^j there- 
fore we have AP.^^=iT^*. PBj because PB=AB in. this case, 
and because PB=v^-AP, this equation will become ^^*= (1+^^*) 
.y'ji. By squaring both sides of this equation we have ^^* = 
(l+2.^rf)^->-l)x-|) or itsequal.^^^^Tr^ which, being identical, requires 
no further propf. Again, m being still -J, or a right angle, 1~'- " 
spond to 60° or be, equal 4> therefore AP . ^^^il* = AB+BP . - 

angle A=6p°, and B= a right angk, AB will = ^ AP, and P 

consequently the equation becomes =71* = (i+ v^ . -^* = 

Cube both sides, and we' have —1=(— — '■ — ""= ^ — I, an 

equ«tion of identity. 

*Art. 4. And if there be ever so many points in a plane [Pig. 10], 
live for instance. A, E, D, C, Bj let B' be the re- 
presentation of B in CD, B" the representation of B 
in ED, and lastly, B"' the representation of B" in "^^ 
AE, the representation being still imaginary, and of ^ — !f^^ iv ' 
the last character, and we shall have (Art. 2) W the . 

representation of B in AE, and consequently AB'"=AB.^ , two 

* We remiiid ibe Rmder that there are no pfaKcs for the points B', B", B", tbeir ntfiatiox 

b«ng unaginaT;. 

•C2 



right angles being denoted! Ify ismfcy (or^iMirdgiit ttnglm^beurg den^tc^ 
by unity >; also B'CaBC.n!!^*^"''*';' «WWeftffe to=BG^. =r|^''*h 
CD; fhgfefdi* DEr=f(to.Ci^'^"*''=T6C.S^^***^""' + 

^^.li^V^ ^ Ai + fii) .^^«" + CD . m^»*«^^/*''»»'' + ; 

ng ;~^/B*'EB^+/fc'pBH/BCB'^ 

Here we do iM>t conceive it improper to obstjrvey that tie imaginary 
Representation ^^^ may be considered as aft ailaly tic^l representation bt 
the point B Vftli regard to any given tim A% sihc6 the escpres^ion of 
AB not only points out distinctly the ttta^nitiide df AS, oJr the dW 
tince thef poilit B is from A, but it Iikewis*' shews tTiedhieetton in yMdy 
it lies from A ; #6r AB'' being t= AB . =T^^*^^', it condsts of two dis*^ 
tinct pilrts, of Which oh« is the magnitude ( AB), and the other the atfgle 
{iAW^) J bilt What deems stttt ihwc sttiktn^ in this, I beliei^e, Hew ex* 
pi'essioh, 19, th/tt it eontains ev^ possible path in the same plane by 
which we may arrive from A to B ; thus you may go from A to B by 
first :goiiig froiA A t6 E, thbm fr^m E to D, then from D to C, and, 
lastly, frbm C to B ; atfd the analytical developement of the expression 

for AFV namely AB.HD^^^, which was above sheNVtt td be AB -f 

contains that very fact. The first tertn denotes, the distance from A to 

t.irt the right litte AE ; the part ED . — 1»^ shews that D is at tli« 

distaiitd ED frbm E, and in the directiwx, which- makes, with EB'", the 
angle B^EB'"; the part DC . tr^^^'^^'+^^'^^' ^^, t^^c lies Bt thtf 
distance OD'from D, and ia the direotkm whieh makes with DB'' tlie 
angle B'DB", or which makes with EB'" the angle equal to zB"EB"' + 
/m)W, &c. ' 

Anxious that the Reader shall perfectly understand the meaning of 



OH .IMAGl'KABT aUAHIlTrXS. 17 

wha|l.b9jvpjl|stasseirt<d» 1 shall' pfoposei ibr-a. particular example, that 
AS >« ctx' ^ v'^ ^i*^ "''** 'he path: ve wish to, tal^ in arriTing from 
Jl to Bis by,g»iDg QTM four »tr«igM lines AE, ED, DC, and BC ; the 
HigleBAE betag 45%. and we have Air=AB.CIl^'*^=y^x=P*- 
Nrtw 1 obseCTCthat'v^^K^^nH may lit shewn to be developable into 
iht espresSlon l+,K/J.^i»+-f ■'^^•>4;- v^-^*****; . or i^ 
pjuaj i+4v'e--W+T-^'+TV'a-^'i f* « We shewn that 

jgil^k '^^C^h and because :^ is =^ x=Il«, we have =71*= 

l +'/f' i X ,/r:t=^^^; whence thfi asserted eqbaDty of ye.-HB* 
. ^S ^ ■ \' « 

Md l+V5-^^* + + -^^' + -K^«--Tl' M evident^ true, the firft 
being. oqual 1-i-v^^, and the secotd = I + - — !~ — ■ + — g^ + 
v—^~^^ and therefore = 1+,/^u Hence, in virtueof thetkcoKin, 

we have AB .rjl = AE+ED . =51 > + BG-=T\>+*+t, 

AB, AK, EJO, DC, and BC, being r il to y/i, 1, W% 

\f and -jv^ ; and the aogles BAE, 1 ;CB' b«iqg esch^ 

of two right anglea, that is, 45° ; and the truth of this will easily appear - 
by common geometry. 

And in a similar manner deductions may be made from every one of 
ihe iafifiite developements^ or mjumers of expressing v^V^^j. .b^t I 
shall only add another example, deduced fri>m the develepement of 
^/a . :=tf into the form i^V* ■ =Jl*+'=ll*'^* + ,/i, =Ti^*-^, an equa- 
lity whichisevident in consequence of^^ being = — j^—^ ^TH^^^^tZTiI 
and ^^ =i:^^ = ■ .- : and I say, from our theorem, tak- 

ing AB=3, AE=3, DE=— v/5, DC=1, CB=;v^, we may take the 
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^ airgles BAB"', B'^EB'^ BT^B'", BCB^. eftch ^ equal 

y^\. ^^^ yi£ to 45° or -J; and therefore, inPig. H, we may 

j[ . ^ ■ y^^ arrive from A to B by going from A to E, from E 

to D, from D to C, and from C to B, the angles 
BAE, F'EB^; B^'Dr, and BCF being each 46\ 
and AB, DE^ BC, being each =v^, AE=:3, and DC=1; and the 
truth of this is quite plain from common geometry. 

CoroZfary :— In this representation it is evident that [Fig. 12], since 

if BC, CD, be continued to cut A£, the aiiglos of 
intersection of those Tines with AE lyill be re- 
^i spectively BCB' + B'DB'' + B'^B% ^ and B'DB"+ 
F'EB'". The equation, by corollary to Art. «, will 
stand thus; the directional magnitude of ;BA7=s 
AE+ the directional magnitude of ED + the di- 
rectional magnitude of BC ; the directional magnitudes being all taken 
with respect to the line AE. And a similar theorem will exist for apy 
number of lines. 

Akt. 5. Let two right angles, or 2 + 8» right angles, be still denoted 
by ufuity ; let also the two right lines AP and AC be equal to each 
other, and their magnitude be reipresented byr; let angle PAD=w, 
angle CAD = win, and the angles ADC, ABP be each right angles ; then 
ADB, DC, and PB, being right lilies, by the definition of sines and 
cosines PBis the sine of n, AB the cosine of «, CD the sine of nm, AD 

the cosine of nm, all to the radius r ; but, by Art. 3, 
AC . =:il-~ = AD+^ril*.DC, and AP . =H" rr AB 
+— ir.PB ; that is, r.^ITi)"^* = cos. of m.n+~ir 
. sine of m.n, and r . — ll" = cos. of nn — ir . sine of 
n; and consequently, from these two, we get 

* 

+— ll^. sineofm.n _ cos.of »+^^*. sine of n]"* » . , 




r 



it my duty to recommend the Reader to pay particular attention to 
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this, 1 believc,,.aew mode of arriving at this very beautiful theorem of 
Demoivre. '" ,r ^^ 



I ' 



The theorem r . —i>r = cos. of n+^^*. sine of n is similar to that on 
p. 1 39 Lef ons sur le Calcul des Fonctions, &c. pubUahed in t!he yesfr 
1806, of La Grange, though derived from very diffifereit principles, 
except tb^t there ope right angle insitead of two. is denoted by un^ty, 
and radius is He^re. denoted by unity. < . 

Corollary 1, — We. obsfwe that Article 8 Ukeime gives <two right 
angles, &Ci beiig denoted by unity) VA.:=a]^^^^^VB+^*.AB, 

that is, r . — ir = PB ^;^^* . AB ; or, dividipg ; \)y \ v^ >^ r . ZIi)*** 

PB 
s= ==sj + AB=Afi— ITU* PB5=cos. of »*— ^h[^*« sine of n. Hence We 

observe, that the two equations r . ^1)'* = cos. of n+^^* sine of «, and 
r . ^^^^TT^ = COS. of « — ^^*. sine of n take pi'ace at the same time ; add 
them together and divide the sum by 2, and we get cos.of m:= 

^r.(^^" + ^^"**) J subtract one from the other, anrfdr^ideliy 2\/— T, 

?ind we get sine of ii=r . 

from the two equations AP . '^^ = AB+^IIIil* • PB, and AP , ZTil^" =^ 

AB— ^^^.PB, by multiplication we have AP* = AB*+ PB% It 
may appear singular that the imaginary projection should point out 
so simple a theorem as tl|at of 47 Etxc. I, but the Reader may ^Iso 
observe that I have deduced the theory of this projection from that 
theorem. 






2.— 1 



t mention, by the bye, that 



CoToUary % ^^ Because cos.of »=:-Jr . (p^ + 



3)' 



"^) sine of ?i= 



"Zir. . 1 . we have tangent of n = ^-aineofn,. ~ 7''~~*' 
.^i-D* . COS. of m ~l)i.(--D?+iri]-") 






zii^.^ziir+i) 



; * and by resolution we get — ll^* 55 i 






' " <:;:•} >. 



Jl ^— ll? ., tangent of n 

considered not to differ from AP. in ' magnitude ; and tHereforfi, 'if 

4/l[l?tt:l, ^fi <A«U h«ve^e^(|wtroai -i^^'tt 14- ^^^^.iPB;**tit because 
,|»«:Ie .?A,B;if ^eJtt*6^^ tinal), JP3. be^ qww(d$P5ed *he! 9ane,M the 
;aucp-of a circle described. about A, with.tlie oadiu^ ^AP^-apd 4nt.ercep|(Hj 
by'the radii KPy -AB; and consequently if i be' tTie scmi-circufnference 
^^t;^ ciiycle, we h^vpJPI^n.Cy two right angks fijiBiajj ^qn<?ted iy 

unity; therefore we have -^^•=14-^^^^^ .wcj and therefore c 72 




»i J ii mv nrPCmg MMMlilCW MPatl, j: . - 3 .\ 



» 4> I ' 



'I ..., 



-Gow/fery'4.~If n be iij&iitely Amall, it.is^wjdl )Bm)r;(m tbaftrtlie J^jt^ 



j>erbolical logarithm of ^ ^i=! '» ^onsettttcn^jy, WTitiijg. — 1 in, the 

-room. of jp ail Corollaty; 3, iwe hwvt e s:.' ^^V^VM . rrr . i, , ^ence tf rbe 

« 

put for the number vhpse hypfirbolical licigacUbm is 1, bocau«is Uom 
tbe last . «Mj[U94ii«n «« huve ^^^^.^e « hosfiiog. of >(-*l.^, .me iiave 

Cbroft„y^.-^nce, writipg.^-^*.ii«t«arf-^4irthp,d««e«sof 
Cprollary 1^ we get (whatever n is; the circular arc correspcudkig to-the 

rad* r, «ttd-the Z n being ^z) the well known theorems r.f'^'^^^cos^of^ 
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+ ^/^.5i»eof JK, cos.of z=s|r»{e +e ** ); and sins of z^ 




* 

Art. ft— No. I . Hence if tbene be a given e(|jMtion> a . -^^^ + 

c . -^^^ + ^ • ■— iV =^, in which a, J, c, d, and ^, are givaa real quan- 
tities, and j: and y real, we have the means of determining both x and 
•kieofy. For, denoting two right angles by unity, we have, from 
Article 5, I^ = cos.of b 4- ^/^.sinc of i>, ^^^ := CQ$.of c +.\/^ 
, sine of c, and ^^^^ ^ cpft.of^+ V^^^sine t>f y ; ccmfiecjuentlj^ ^se 
vaWes htmg put in the proposed equatioR> we obtaiu a. cos. of 6 + c cos . of 
i^+xcos^ofy+y/Iiri (asineof^csioeof ^j* sine Qf jf)^g; but be- 
cause all the letters represent real values, ^ the imaginaiy part must 
vanish of itself; consequently we get a. cos.ofi^+c cos.of €{+i;' cos.of 
y^g; and a . sine erf i+c • sine of d-^x sine of y =0. Put, for the sake 
of brevity, ^^-^ . cos.of ^— ^ cos.of rf=A, and a . sine of J+c. sine of 
d=B; therdbre we have 4^. cos.of yc A, and x sine of y=:B ; therefore 

■ '^ , or (radius being imity) taftgnit aiyn^^ -r-, and y qc apgic 

whbfte MmfffxsA is — -r, aod *:3: -r — ^=\/A^-fy. Hence we see that 

our equation containing two unknown qudntideir 9 aad y, does, of 
itself, determine x and the sine of y .' And thi same imoikl follow if 
there were more of the given terms a, ^^^, &e. in the equation. 

No. 2. If a and c were the unknown vatues in the equation 
« . ZZit + c .^''+x . ^^ ae ^, we have, by multiplying the equation, 
«.cos.offt+c cos.of rf+a:. cos.of y=:^, by the sine of ft; aiid the 
equation « . sine of A+€ sine off i?+jr «pe of y=0> by the cps.of ft, «d. 
taking the difference of the two resulting equations, c.(cos.of if . sine 
of ft — sine of ft.cos.of rf)+*(oos.of y .sine of ft — sine <>fy.cos.qf ft) 
^g sine of ft ; that is, c sine of (ft — rf) + x . sine of (ft*-y) 3=^ . sine of ft ; 

♦D 
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- ^ fi^. sine of* — ^.^iricofS^ - ,, 

therefore c = ^ : ^ .^ ^ ^. In the same way we get 

sine or ( v-^^w i 

g . sine of d — x . sine of d— y , .^ . ^ j.^v. ,^ ^ 

a=-: ^— — r r . ,, ■ ., ; and it is not difficult to 

(sine of rf— i, or its equal) — sine (a-— a) 

see how to proceed if any five of the seven quantities a, b^ c, d, x, y, 
9Xidgy are given. 

No. 3. The solution of these sort of equations may be obtained dif- 
ferently; for I observe, if the equation a .—if + c r^^+x .^^^=^, 
in which a, b, c, d, x, y, and g^ are all real, can exist, the equation 

a. ^^nr^ + c .^^""'+ jr . — iP''=:^ is likewise true j for the first of these, 
by transposition, will stand x . —11^=^ — a . HTl*— c .^^ ; and it may 

be written * . ^^^ =^+a • HTl*""^ + c .— 1]*"* ; hence, from what has 

been said [Fig. 14], if the right lines AB, 
BC, CD, AD, be respectively equal to x, 
gy a, and c ; and if AD be continued to cut 
the right line BCF in E, and two right 
angles being denoted by unity, the angle 

DCF be denoted by fr~l, the angle AEF by d— 1, then will the angle 

ABF be represented by x; for we have AB.^^^^^^' = BC+DC 
-j|ZDCF ^ ^jj .HH^^" ; but if we take Ba=BA, making the angle 
aBE, on the contrary side of BE, in magnitude equal to ABE, and con- 
struct the figure BCda in every way similar to the figure BCD A, except 
that it be on the contrary side of BC, we have angle aBC=— y, angle 
dCE=— i+1, the angle aEF=— d+1 ; and therefore, in virtue of the 

^4BF _.Z*^* ,Z«EF —y 

equation, aB.^^ =BC + erf.— 1) + tfrf.IHTl j x.~\) =g+a 



.ZIiS +0.— P =g — a.— 11— c.— II ; and therefore a.— II +c 



.nn +«.'^ =^« Q^E.D. And a similar theorem follows when 
there are more of these terms. 
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No. 4. That the Reader may the easier perceive the use of this, I 
shall resume the case of Art. 2, to fkid a and c in the equation 

*^""^fr <W^«^^ _»^B^M 

a,— l) +c. — l] +x. — u =^, all the letters but a and c being given ; 
therefore, since by No, 3 we likewise have a.^^ +0."^^ +a?.-^ 



=^, I observe that, multiplying the first by —v and the second by 
— P , we have the two equations a+c.^^ +x. — if =^-^^ , and 

tf+c.^-D 4.X.— l] =^.—11 ; consequently, taking the difference 
of the two, we have c.(— u — —i\ )+x.(— If •r-nTI ) ^g 

.(^ — ^ ) ; divide the whole by 2.^ , and we have, from Cor. 1, 

A 4. r jp-.sine of 6— x.sine of (ft— y) ^, r • xt « 

Art. 5, c=^ : -rn — r ^, exactly the same as m No. 2 : 

smeof(ft — d) ^ . 

and in the same way is a found. 

Scholium : — Before I proceed I shall offer some observations, to ob* 
viate what may appear to some Readers a difficulty. I frequently use 
the expression 2+8» right angles being denoted by unity, * being either 
equal to 0, or a whole number positive or negative ; and for that pur- 
pose I shall propose for consideration the particular case of the equation 

(radius being taken unity of Cor. 1, Art. 5) ^^^"=co8.of»+3ZTl8inc 
of n, 2 + 8« right angles being denoted by unity, when n=|-, and we 

shall have^^ —cos.of -f, +^^ sine of -f. Now, if »=0, or two right 

180 
angles be denoted by unity, then will 4- correspond to an angle of — - 

•/ 

degrees, that is, to S6°, and then the interpretation of the equation will 
be ^^ = cos.of 36^ +^^ .sine of iO" ; and this, in fact, contains two 



X 

of the imaginary roots of ^^ . If » be taken equal to unity, then will 

2 + 8 
-f correspond to -— - right angles, that is, two right angles ; aud in 

5 

»D2 



t4 
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If « be taken zzQ, then will -f correspond to ^ right angles or to (4— *-f) 

right angles> whose sine and cosine are the satne as the sine and cosine 
of — f of a right angle, or of — 36*" ; because four right angles corre- 
sp(md to a whole circumference of a circle ; and this falls in with the 

first case of the interpretation or value of ^^ , in consequence of ^Hi) 
enveloping a double sign +^ If «• be taken equal to 3, then -f will cor- 

respond to — ' riglit angles, that is, it will correspond to a whole circum- 
ference + 18Cf— 3ff*; and in this case ^^ will come out — cos. of 36* 
4^^^ .sine of 36*", and this gives the two other imaginary values of 

^^ ; and if we go on by taking ^ any other whole number, tre i^U 

only get one or other of these five values of — l'*. Moreover, we have 
just seen that j- will represent an angle of a different number of diegrees, 
varying with the value of r ; we now observe that the same number of 
degrees will have the value of the angle expressed differently also, as « 
varies ; thus, if «^o, an angle of 36*" will be expresaed by f; if «•=! (or 
ten right angles be denoted by unity), then an ai^gle of 36^ will be ex* 

36 1 

pressed by — -, or its equal ~ ; but if the angle PAB [JFig» 1 S] corre- 



sponds to 36**, we shall have, according to the first of these, AB.^IID = 

AB+PB.^ ; and, according to the second, AP.::iil^ = AB+PB.^TD ; 

and therefore it might seem that we ought to infer, that ^^ =^^ , 
which is not the case ; the fact is, that five of the twenty -five roots of 

ITlP are the same as the five roots of iHir ; and that the interpretations 
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of ^ and — tt , according to the method in the first part of this Scho- 

lium^ shews under what circusastaiices ^^ :t^^ is true. Many ap- 
parent difficulties, in my opinioD, lAay be explained by the introduction 
of the three terms entire equaJlitj^ conditional equality y and partial equa- 
Utjf. If the three equations 2. (aj + S) — 3x, y — 5 = 1 , and z* + 6= Iz be pro- 
posedy we shall find x^ y^ and x each 3s6y and that m and y can only be 6, 
but that z may also be 1 ; we should therefore say, that :r ^»4y are en* 
tirely equal to each other, but that ^ and jsr, or y and z^ are only partially 
equal to each other. I^ conditioiial eqtaltty I mean that wlkch would 
exist under certain conditions of operation only. 

Art. 7. By way of illustrating the trtiKty, and to prove by particu- 
lar examples the truth of the observation in Art. 4, I shall propose 



BC '^^fSj 



Problem V---IniherightliMiJigweK&QX>\^\%. \5\ 
Ut ABic4, BCt=3,antf DC=:2 ; oho let the angle ABC 
= i of two right angles^ that is ^5""^ and angle BCD 
of two right angles ; it is requited to find iiSi and the 
angle D. 

Produce BC to A'', and CD to A' ; consequently, two right angles 
being denoted by unity, the angle DC A'' will be equal to -J-. Let 
AD=:ar, and the angle ADA'=y— fs then, from what is observed in 

Art. 4, 4.^ =3 + 2.^ +ar.~n ; therefore, from Art 6, No. 1, if A be 



put = — 3+4 cos.ofi — Scos.of-f, that is, — 3 +4 cos. of 45** — 2cos.of6(y*, 
that is,=— *4+2v/5; and B=s— 4sin€of i+2 sine of ^., or — Sv/i+y^, 



we shall have AD, or a?=v^A' +B»=v/2 V^— *)* +\/3— Sy^n ; and 

B 

y = angle whose tangent is — -r, from which take 4 of two right angles 

and there remains the value of the angle ADA', which was required. 
And these are the same answers, as may be easily found by dropping 
perpemHculars from A and D on BC by the common method. 
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Problem II.^^Let AB, angle B, BC, angle C, and angle D be given 
toJindADandCD. 

Put AB=a, BC=i, CD=a;, AD=y, angle ABC=», angle DCA''=m, 
and angle ADA'=j!i, two right angles being denoted by unity ; conse- 

quently the equation is a.^^*=ft+i.^^"'4y.^^ ; and consequently, 



by Art. 6, No. 3, also a.— u =ft+a?.IIl) +y,-IIT) ; multiply the 
first by — 1| , and the second by — i) , and they will become re- 
spectively a.^^ =6.^^ +x.—\] + y, and a.ITD -. 
A.^^ +a:.^^ +y ; -hence, taking the diflFerence of the two,^ &c., we 

havearr: 3—7 zi:r±3 = (by 

.. ^ , a.8ineof (m+jj — n) — J.sineof (wj+p) . , . ... 

Art. 5, Cor. 1 ) : 7 — • And in a similar 

sine of^ 



way we have y= ;; zii 

— >a.8ine of w— n-f &>sine of m 
sine of/) 

Problem III. — Given two sides [Fig. 16] AB, BC, amf *Ae including 
angle B ; to find the angle C amf 5iV2e AC. 

Produce BC to K ; let the angle ABC=», two right angles being de- 
noted by unity, and the angle ACK=j!i; consequently 

'"^Mi^j, (Art. 3) AB.r]l"= BC + ACmf , or AC.=:i\f = AB . HTl'' 
^— j^ — BC ; and therefore, also (Art. 6, No. 3), ACHTJl 




ziAB.IIIi] — BC. Multiplying these two together, we 
have AC* = AB* + BC*— AB.BC.(ZD%':^'^); because ^ x^"^ is 
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equal to 1, and also ^^ x—l) — 1; therefore AC = 
>/AB»+BC»-AB.BC.(::ril"+^-") I = (by Article 5, Corollary 1) 



/AB*+BC^-" 2AB.BC.cos. (of «or oTB) 

radius ' 

Again, dividing the equation AC^lf zs^B.::!?'— BC by AC.^" 

- , ,- JBC 



AB.= 



BC, ve obtain HD = 



* 



-» BC 
AB 



^ 



=11 



^+^ 



^; therefore ^^ 



1 = 



, and —D +1= 



AB 

2BC 
•-AB 



AB 



Divide the first of the 



two last of these by the second, multiplied by ~n , and we have tang^t 
of ^ = — J 1 z; — sBCx ' *^^* ^^* ^'^^^ ^^^* ^' ^^* ^^ tangent 



ofpzz 



sine of « 



. BC- 
COS. 01 n — 2^ 



CoroUary 1. — D +^ =s 



-* AB^ + BO — Ae 



AB.BC 



y OX putting k for 



^ — , ^^ +^^ =* ; and squaring we have ^ + « + 



Sif 



AB.BC 
irir"=ifc*j therefore iUTT^ — ^8+^ '= A;*— 4, and therefore ^—— 
= V']?^ ; and therefore, because ^ +^ ' = *» we have ^ = 



\ 
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Corollcay 2. n logarithm of T—l) =s logarithni of/- + V^-*A;»_i\ 

= log. of (iJfe+^=l.v'rZi*0* aiui *« %-^<*^+^/-=^v^l^> 

_ log. of<— 1) 

Corollary 3.— Putting ^iZ^^k^t, the value of n in Cor. 2 will 
becoihe log. of \kx{\ +V^. Q divided b y the log. of — i ; and, using 
hyp. logs. , we have log. of <iJMc4 f ^/^. t), or its equal log. of (^k) + log. 

of (i+v^.Dt=log.of(^)+,/=T^-<i^>V^iS^ + &c. = 



3 

log. of (i*)+,/=Tx (<-!+£, fcc.)+|r~|+ f , &c. ^v/c:i.(<-|+ 

-, &c.;, barely ; because g— ^+^-. , &c. =^ log. of (l+<»)=:i log. qf 

(l+*i •^)»ik>jg,of(4* )=3=--l<>g-of^; hence, ckdngactliese. 
micircumference of a circle whose radius is unityi aince ne shall have (by 
Cor. 4, Art. 5) log. of ( — l)=:v^— i.c, we haw nf*U«-w^+ L &c., di- 
vided by c. 

Problem IV. — Given angle B fsee the last Fig. j, the sum of the sides 
AB and BC, and the opposite nde AC ; to find the angle C. 

Two right wgies beiag ilaoeted hy unity, jpul: angle ABCamg^i, ai^le 
ACK=5r, AB+BC=a, AC=i and BC=a?; and therefore, because 

AB.^rsBC+AC.-^, W€ have (a~a?).^I-P ^ar+ft.^, and a:= 
"••^"•^••^ , or its equal ^*^ -rft^ ^ a„d^ writing ^p and 

— 5f for p and 5-, we have, in virtue of Art. 6, No. 3, aJao a?=i 
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^ — — . .. ; and, consequently, w^e have a.-^ — *.^ 

_^-l^ - ---?+*/ ^, - — ,r^ — r^+y a ( — M 
=aa.-— 1> — o.—v ; therefore — 1» — — r =» . v^^ 

— i^ ), that is, dividing by 2.^ (from Cor. 1, Art. 5), sine of 

q — 1^=: jP sineor-l/i, that is, the sine of the excess t)f the angle ACK 

« 

Of 

above half the angle ABCr: r^sine ofi angle ABC ; whence the angle 

4 • 

C is given, &c. 

Problem V. — [Fig. 17]. In the right line figure 
A&QT) given, AB, BD, AC, DC, BC, tocalctdate AD. 

Put AB=a, BD=Ji CD=<r, AC=rf, BC=e, angle ,ABC=j>, and 
angle CBD=g ; put also, for the sake of brevity, =^, and 

^ =A, and we have, by Prob. 3, Art. 7, and its corollary 1, AD 




iHt 



= y'«.+&«-.«ft iJ=ir+ ^"^y, rrf= f+vV-*, 



that 18, 



^-H,A=^>^, and^'=*±v^:^EiI; therefore =if^'= (ini' 



by Article 6, No. 3, also ^"'^sr^^ZV^tz^il^^S — 

•E 
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above, AD= v^^* . a*— f,^ ^A— ^/4— A'.y/i^ j 



/ 



?» OM.f H VI.^(^. ^ hH Fig.) tiVtjM AB ( x4), 9)i|$i|i ABC {=p, 
two right angles being denoted by unity), BD (=b), ar^le ACB (=n), 
<fnA <^n^lfi RCP (=tw) ; tojindtifi r^ : being (kpvoHim,^fry ye^i^^ 
surveying, and well known. 

Call the angle CBD, x; put AC=z and CD=y; whence we hare, 
froia Art. S> BC.::^ s^l^+y.:^ ^ ^^ B<;=^,=qr'+3».r7n"; «»itlwre- 
fore,bjr^rt. 6, Cor. 3, BC also=ft,rif +y.:ZIp; whence, from the two, 




Morepver, because the supplement of th^ aogle 
^ — ^ 
BpC=a?+»n, and the supplement of the. angl^ACP=l — n-^^m, tw« 

right angles being denoted by unity,, we have, by Article 4, a.^ 

= ft+y.-Tt +«.--iV ,^ ihatis, a.i^ 3:j+y.:;:^ — ;2f.3. = 

(by substituting for y) hU. ^^ T^^ — ;g,:zt>rV tht^k is, 



*• -"-^-i; — "^ZJ- ''~^-'^^^; JkiKj consequently by Article 6^ No. 3, 

=:il -=:il 

%l8oa.^ s=J — — — ~I zJ^ i multiply this last by 






--il . i and it beodjoaes a.^ =*._ 






^""_rl)' 



-zX:t\ ; this being subtracted irom the equation immediately preced- 
ing the last, giVes a. (^^— ZTfj** ^*'**) » 



Jng the last, giVes a. (Z:i][L.i::[ 



t=if- 






) ' 



"I 1^ — *** 




f« 



.>*^i# 



-3^' 



^=Tl ) 




= "^ "^^-^ > k being put fo* 



■'^+i6ii:n>" 



- - T""*'""^** ^^ ;i^ kii,*-*.* * Sine of n . ^i^-^ — 



8x 



-I 



>^--^ ._^-i . ^ '• ^*»ence — -J ^^ or thd f anggnt 



^"*^+A:.— 



of «= 



_ ^ 



*+F 



l*MribiBAi 






— n "^Ar.d !!! — ^ ) _ sin.ofn + o— Ar-sin-ofm 

iLit^ " — '■' ■ * ■ ■ » ■ 1 — '^f 



bence the test is easily fbuad. 

Problem VIL— /» <*c^tr,e sided rigAt lined figuH [see Fig. ID] /ei 
AB, AE, KD, DC and ^ he gUftn respectively equcdtd^^b, c^daitdc, 
(Md suppose the angle DEB '=2. angk CDB", and the angle BAE=4. 
nngle B'DB", it is required to find the rest. 

*E8 
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Put angle CDB''=jp, and the angle BCB'=y, two right angles being 



denoted by unity, and we have (by Art. 4) a.^^ =6+c.:ri] +A-.1 
+ e.-^^ , or c.^ fr r'^ — d.--u +a.— i) ; and therefore 




by Art. 6, No. 3, also e — i 

hence, multiplying these two together, we have «*=ft*+c*+d*+a*+<i 

)+c.(fr— a)*(==T\ +^^ )+c».(rni +rni ) — oft 



(HIJ^ +!irr) ). And if in this equation we put w for—I] +--i| , that 
is for twice the cosine of*, we shall convert it into a biquadratic equa- 
tion, &c. 

Art. 8. In the Introduction (Art. 6) there is proposed a question, the 
equation to which leads to imaginary quantities ; and in Art. 7 of the 
Introduction, I ^ave explained what, according to Monsieur TAbb* Bu^e, 
those imaginary quantities teach : I have there ventured to express my 
belief, that the theory oflFered by that gentleman will not hold, and I 
now propose to shew what may be the meaning of the imaginary roots, 
and what information they may contain ; and, tQ answer that end, I shall 
invite the Reader's attention to the solutions I give to the following 
problems. 

C [Fig* 180 Problem I. — The riff ht line AB beitig 

^yf[ given in magnitude and pasitian, to find the paint C, 

"^mrS ^^^ *Aa« AC*=b.BC, b being a given magnitude 

less than 4 ABi 
Suppose C to be in a right line with AB continued, put AB=a and 
BCsssr, and we have in consequence aT^=*^; and therefore x or BC 



evidently impossible ; the thing being impossible if C be required to be in 



y 
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theliueABcontinued. But if we take ED intheUne ABcoBtmued=^ 
and CD' perpendicular to AD and = v/6.«-^, then, because D^ » 
ean^ to J±ru>/b:^, we have DC=v/r:n DC ; and consequently 
ri. the imaffinarv representation under consideration of the point ^, 
and ttS d-oti4 the angles CAD. CBD by A and B, two rj^h^ 
a^glLbeing denoted by unity, we have, from Art 3of th.s work. BC= 

BC.=^", andAC=AC.^^ and therefore, because AC=6.BC, we 
. AC'*-^^*^ fcRr'.rm. Moreover, because BD=iA—«, 

^r.A therefore 2A=B ; whence the equation AC*.^ =:ft.BC.^ g>vc« 
1^^" • and therefore the imaginaxy point C leads to the discovery 
of a rlai point C having the proposed property ; and th.s w the same 
.;. the Abb6 finds This point can easily be shewn by common 
^ e?rf ol^swL buttheLtho^ hercdeMyereA.l.e.s the 

^a of the deS^n from the imaginary root, which reason depend. 



9A 



on 



SA J — 

the equality betweeniTi^ and -i 



Problem II -/< «> required to find the point D, so thai if a given 
line AC be bimtedinB,fve shall have AD^BDxDC^^AB^i [Fig. 19.] 

Solution .—If D be assumed in a right line ±AC 



pasTg'through B, and AB=BC be pu^=:«, and 
][)B=*, we shall have ,.ySH^VV+7s or its ^ 
equal '*'+«**=3a'} consequently * *-«, or = — 




:L±-y=7, that is, one root of the equation gives D a real point in the 

2 a 



a ^a 



line BD at the distance « from B ; the other two give D at the imaginary 



• • • . 

distance in the line BD from lJ= — j^a± — \/-^. But if DB be prodtl- 
ced to H, making BH=:Ja, and HD' be <!rawn JlBH, and equal to 
- V^> tiien becauscDH iseixpressed by -^a/ZI^^ we have DH =D'H. v^Iilll, 

and consequently D is the imaginary representation under conSidefatiott &f 
the point D'; and consequently if the angle I)AD'=i», angle t)6t)'2:», 
and angle DCD' i»/>, t<rd right angles being denoted by unity, ^e hav^ 



from Art, S, AD-:^)! vAD') BDt^::^ .BD',^nd DC =1^)1 . D'C j and 

fconsequcntly because AD.BD.DCi=BAB', we have AD'^I^'.Bly.^llTf 

,CD'.:t7r, prits,ecjftalAty;BD'.CD'.=Tr"'"''"*'':s:aAB'; but it is cvi^ 
dent from our construction that the tangent to radius unity of the an- 
gles D'AI, D'BH) and IXCI, are lesjiectivcly equal to ^ y^ ■ , ^/tJ amd 

^ ' ^ and thetefore die tangent oF(iyAI-l-D'CI) ity^; and come- 
v7— 2 

quently angle D'BH = angl6 '1TAC+ angle IXCIj and since angle 
DAB = angle DCB, consequently angle DAB + angle DCI = two 
right angles ; whence by substitution Di+w+jsi is — two fight angles + 
!HBD+D'BD=4 right angles =2, two right angles having been denoted 

by unity; and therefore —D =--^*=ii; and therefore AD'.BD'. 

Cny =2AB» 5 consequently D' is a real point answering the conditions of 
the question) and is a point found from arguing on the imaginary roots 
yielded by an equation derived from an over-limited presumption* Af . 
I'Abb^ Bu^ would have arriv^ at the same point from bis theory, bad 
he solved this problem ; but there are other questions to which his theo* 
ry would find points which would not answer. 
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In the prccedipg Mhitions we observed that the equations resulting 
from considering the point to be in a Kne which the condrtions of the 
question do^wcil; admit of, give, as they ought, impo&^ible root^;, that 
is, they give imaginary pointy fw the solution ; but these imaginary 
pointa were shewn to he imaginairy representJitiens of real poiilts. ac« 
cording to the faqctional fepresei^tatiaa under caQ8|darati<>n of seal 
points which answer tlus conditioaa of tha qi^e^tioa. "But^ if we 
propose I 

Problem III. — In the right line ABC, BC> AC, Ore 
given m mf^Uude, (xnd the jpoini D i^ req^iir^p ^o that 
AXXxBi^zzQ.DCj, Qbeitiffgiv^n^ [Fig. ao,;j 

Put AC=a, BC=A and CDzzx, CD being perp. to A; and we shall 
have F+jp»:«aN^P^cVi and therefoie, puttij^ a^+A^^^^c^sM*, we have 




rf+cfx*=— a*4% and, ifi consequence, jr=:V^ *" t. + ^— 

4 



2 



-a*i!*; or, by 

actual e^Qtfaction^ »ni. \/^ab—d+i.^^.\/^a64d, as evidently will 

appear by squaring; consequentlyi if iak^d be alfenjAtive, thas^ be- 
comes imaginary. Make PC (iu thii right line DC) =i^.S^£ai— 5 and 
PD'±D C = J . \/2ab +^ ; th^ will thrimag^nary point D he the imagi- 
nary representation under consideration pf the real point D'^ and coti- 

sequently AD = AD" . I^ . , BD=Biy.:::Tt , and DC= iyC» 

; and consequ^atly, because AI^xp^BscDC, we h^fcre AD^ 



.BD'.rn^ ^ ^ =5;:i?.D'C, Now. if ::::!> 



were equal to unity, we should again, have the same property for the real 
point D' as is possessed by the waginary point D ; and the theory of M. 
VAbb^ Bu^e would teach us to believe, if I mistake not (for he has not 
solved this problem), that the pomt D' Tvould andwer the CQiMliti«ai& oi. 
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ZDAiy^./DBD'— /DCD' 

the problem: but, inconsequence of ^^ not being 

equal to unity, but equal to j *, the case is different^^nd 



we are taught that, instead of finding a real point having the property 
proposed by the question, we have found a point D' (which is real) such 
that AD'.BD'= (« + i + x/a+ 61*— c»). CD' ; so that, though the imaginary 
root does not find a real point having the property proposed, it finds a 
point, whose property it shews ; and that the point D' has that proper- 
ty, is easily proved by common geometry. 

Art. 9.— Here it seems proper to repeat an observation in Art. 7 of 
the Introduction, namely, that the same equation may result from va- 

^ Putting ps=zi.»y^S^, f=J.>/2#rf2^ we hafe «==p+f>/ — 1^ tangent of DACs 
f'*'9^^ ^ tangent of DBC=Cii^^^S tangent of D'AC= -^, tangent of iyBC=r^ 

and tangent of DCPrri- ; hence, by Cor. 2, Art 6, :-i\ sss ^ ^ ^ ^t 



S^IDBC 



^«/DAD' «ZDAC— S/D'AC 

angle DAiy= angle DAC— an^ D^AC, we hafe :::T\ = (--1» 5=) 



^'-^■^Zirf ^+P^-^* +^/^^-'=.^^-HV^^-^: and, in the same way, 
HU = — ^Ttf5+2K~' tl^««fow» by multiphcation, -Iil =(^» 



tf-— 



irf+2pj V^.(**— irf+2pg>/-^l)-r«*-(«+*+2^)*=» by redaction and re8Utation,c\(-4if 

^t^OAD'+^ZMD'-^f/DCD' 

+«M>/^^^^^i!)-r«*C«+* + 2W^/— 1)*; whence-^i =s,a8 above said, 

g^j^Z{T+^\ that is, =c*.f^+«+ /ii+W*— c». 
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rious questions, and I remark that we may always propose a geometri- 
cal question, such that the impossible roots of* any equation a +6jp+ca:* 
+dx^f &c. =0 may be supposed to arise from having represented a cer- 
tain required point in the question to be placed in a right line, which 
is inconsistent with the conditions ; but such that the impossible roots 
shall be indicative of imaginary poi^its, significant of the imaginary re- 
presentation of real points, which do answer the conditions of the ques- 
tion: for this purpose, let the impossible root *be =2)+^.v^^,and let the 
cfquation be resolved into two parts at pleasure, and let it stand, when 
thus resolved, A + Br+ Ca:*&c.= A'+ Bj?'+ C«*&p. Moreover (which isal ways 

possible), let A+ B«+ Cap* &c. be resolved into the form M.jp+c+cv^— l^*^ 
xx+e— «v^^»'' >«a*+/+A/— 1''-*+/-/%/=^^'. &c.*, and let the part A'+ 
B'*+C'a?* &c., be resolved into the form M'.x+e'+eV^i'" 



77^ 



x+c + ey/—l r X ap + e^^Z^iT x x +/+/v/— ll' X 

M' ,_^ _ __=^ 

&c. Moreover, as a? is either equal to p+ jy/ITi, or 
p—q^^, let these be respectively substituted for j; in the above equa- 
tion, apd there will result the two following equations, p+e+j+ey^— i''' 





'y/^T xp+f^ q-^-^xZ-yy 



Jy/^l^^y &c. ; and p + e Vep^v^Crif xp + e— !y + «\/— > t 



• M, M', «,/, el',f',&c,, being independent of jp. 

•F 
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«-y|r+?+?^5^^ ^P- Multiply %lefthian4 

sides of these two equations together, and Hkewise multiply the right 
hand sides together, an4 there will result ^IpV+^+e)^*' xp+eF+q^f x 



&c. ==~pT?|*+?+^*' xp+(5r+9-H;lHr' ^ &c. And this equation is 

the equation th^t would result from the f()iUowing unlimite4 question* 

Let [Fig. 21] a given number pfpara^el right lines, four for iustanpft 
AB, CD, EF, GH, S^c. be biaccte^ in I, J, K, L, &c- by the right liw 
l\, perpendicu^ to th^. It is required tp. fin^l the ppint Z in the sami^ 
plane; such that AZ" x BZ" x CZ* x DZ* shall he to EZ'^ x F?'" x GZ" x HZ'' 

in the given ratio of M' to M, the points A, B, C, D, E, F, G, H, &c. 
being given. 

iJWftftft^:— Put AI=IB^e, CJ=JD.=y; EK=;Ky 

=^ and. ClL=LU=^'; also in LI cpntinu^d take lO 

=c and let 01=/, 0K=^ and OL=/': draw OX pa- 
rallel to AB^ ai^d ZX cutting OX in % perpe^dicular 
thereto; let OX=y and ZX=/>, ther^ore ZA=: 

p^*+j+elM ,^B=rp+«r+?— eH ,&c.^apd coi;isequently, by the conditions 
of theqjiestion, wehaveCas abovestated)p + ir +'^ + «lf xpT^+q^^ x &c. 




=^[ X p+TI^+fl^'l^ X|>+^r+9^Pl^ X &c. And thisis the general equa- 
tion to the unlimited problem containing two unknown quantities p and 
q as it ojugbt. But ii^ in solving the problem, we had presumed the 
point in the right line passing through OL at Z' and OZ' be put equal to 
X, it is easy to see, without d^faciiyg the diagrai;^ with more lines, that 



6ir ri^Adii^Aict QxikiftiriiEi. i^ 

we should have had the equatida x^^ +f f x /+/1* +/'!•== •jj- 

Sc jpT?)*+ «"^ X :^+p^+f^y and tliis will be the same as the equa- 
tion jibove, namely, a 4 St ^ ex' &t. t= cy. Noa^, sdppose x=^p4q 
ii/^i -Wefe in mi]p6sstl!)le root of this ^qdation, and we should have, at 



'q^T^iW+F-M "" 



y . ^-- • • - ^ . i *. 



f+9s/^^ +eT+<'^ iip+q\/^ +fT+/'^r and p.^^. 



I 



M' 



Multiply these two together, the left hand side by the' left hand side, and 
the right hand side by the right haiid side, and y^i shsitt hWve, betstuse, iii 

general, p+qi/^l+c^\e^-ii+(f^:^[^e+ii/::f^xj^. 





pHv^^ 



t 



^frpfi\ Arid'cofasTi^qUentlj^ it' appears, that though 

the point Z' in the right line OL, answering the conditi6tts( of the prt- 
blem, is only imaginary, when «s=p+jv/IIT, still if we take OM in LO 
continued, =pand MZjLLO=y, the point Z' will be the ipiaginary re- 
presentation of the point Z, and will be a solution to the problem. As 
an example, let it be required to propose a problem requiring the posi- 
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tion of a point, which shall be soluble in a particular presumption of the 
position of a right line, in which the point is to be situate, by the equa- 
tion given in the Solution to Problem 3, Art- 8, namely, ^*+x*xa*+x* 
zzc^x% the roots of which are all impossible when c is less than b^a ; 
the problem being required to be such, that those impossible roots shall 
be expressive of the imaginary points in the said assumed right line, 
which are the imaginary representations of real points answering the 
conditions of the problem. 

Solution: — ^Thcequationmay bewrittenjp+6\/^l xx— Av'^ xx+a\/^ x 



\s/ — I =cy ; and consequently, comparing this with the resolved 
form of the equation preceding, we have e=o, «=i, y=o,/=a, r=l, 

#=:l,¥.'=:c*, e'so, c'=o,/=2, ^=o; therefore AI=IB=*, CJ=JD=:fl, 

M 

EK=KF=:o, 10=0, OJ=o, and OK=o; and the required problem may 
be this \Fig, 22]. In the right line AB, AI being =IB=A, IC=ID=a, 
z ^^ it is required to find the point Z, such that ZAxZBxZC 
xZD=c*.Zl*. Now let the point be presumed in the per- 
^xw pendicular to AB which passes through I, and let IZ=:a?, 

and weshall have 6*+jp*.a*+r*=c*x*, andx=ilv^c*— 6— aT+ ^Z b + al*— ^. v^^; 
consequently, if c be less than h^a^ Z is an imaginary point. In IZ 

take IP=iV^»— 5^% and take PZ'±IP and =4V4+>— c*, and Z will 
be the imaginary representation of the real point Z', which has the re- 
quired property ; and that the point has that property, may be easily 
proved from common principles* 
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Art. 10.— <yENERAL SCHOLIUM. 

In what I have done hitherto in this book by way of illustration of the 
general theorem of functional projections, I have imagined to he pos- 
sible that which is really not so, and I have used fractional powers of 
— 1, as if they had real existence in arithmetic. If the reader of this book 
has perused the first book, I flatter myself he will not be shocked by this 
mode of analysis ; but, as it is my wish to keep this book distinct from 
that^ I shall endeavour to explain the real arithmetical propriety, and 
object, of what is here delivered, from the principles of functional pro- 
jections themselves ; and, for this purpose, I shall offer the observation, 

that if radius be represented by unity, that cos. of m + \/e~~^ sineofm + A.c 
Xcos. n+v^? — l.sine of n=cot. of m+n+v/f—l.sincofm+w + B.f ; in which B 
will not contain any negative power of e, if A does not ; that is to say, 
provided we do not develope the expressions by means of series. It is 
also proper to add, that I use the term direct representation in a line of 
a point out of it, for the projection of the poitit in the line, according 
to the character of projection used. By the term indirect representa- 
tion, I mean the projection of this projection into another line ; and 
this I call the first indirect representation or projection : and, if this be 
again projected into another line, I call the third projection the second in- 
direct projection. The advantage we have derived from the imaginary 
projection arises-from the fact, that, if the thing were possible, the di- 
rect and indirect representation in a line of a point out of it would coin- 
cide. 

No. 2. — 1 am now prepared to consider a functional representation 
which is not imaginary, whose character is, that, if C [Fig. 23] be the 
direct representation in the line PAF of the point G out of it, and 
GM be perpendicular to PAP', cutting it in M, we have MG' :=:^^II\ 
•MG; and if AG be joined, we shall have AG'=:AG (cos. of GAM + 
^r^. sine of GAM). Now, suppose in the right lines A^, Ag^, Ag", 
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&c. g be the direct representation of G, g' the direct representation of 
g, that is the first indirect repreitentstioa of G ; ^' the direct represen- 
tation of g\ that is the second indirect ^presentation of G, &c., all 
of the same character as that just mentioned, we shall have, by the gt- 
neral theorem^ A^= AG x (cos. of QAg+^/^A.tme of QAg), Ag^=iAg 
x(cos. of ^Ag^+v^^^ine of gAgf)y Sec. ; hence, by continning the 
setie* of tbeae eqidttioiisi^ and keeping in view the observation offered in 
tbk article, wi^ ace that, if G' in the right Ihic PAF be one of the se- 
ries of indirect represen tatioi* of G, 
we shaft have AG'=rAG.(cos. of 
GAG'+v^^.sme of GAG'+ B.^); 
in whficb B is a finite fanctton 
which doea not contaih (without 
developement in series) a neguive power of e ; but, G'^ being the direct 
representation of the saitte character, we have, as already stated, AG^ 
=AG-(cos. of GAG'+s/f:^\Mne of GAG^); therefore G''G; which is 
the distance between the indirect representations in AP^ of G,. and the 
direct representation thereof, is =AG«B.e (B being independent of AG) 
that is, an expression of which every term i» concerned with e. 

No* 3. — Keeping to the same charaeter of representation, suppose 
[Fig. 23] the angles VAp^ P^p\ PN^\ *®*> ^ equal to each other 
and eqAial to q^ and that two right angles be denoted by unity, and P, 
p', j^\ &c. up to P' be the representations of P, jp, y, &C; in kp^ Ap\ 
Ap\ &c. ; put also (i = cos* of 9 + \/F-i • snue of gr, consequently Ap' 
=AP.fi,, A/>'=: Ajp.ft=:AP.|j,*, A/>''=:AP. ftS &c. ; and, if ^ be a whole 

number, which I shall suppose it to be, we have AP'=APxft^ But, 
according to the character of representation here used, P is the direct 
representation of itself in the line PP' ; and therefore, from No. 2 of 
this article, PP=AP.B.c ; an expression in which every term is con- 
cerned withe, B being independent of AP; thefefore AP.B.f = APx 

( I + f^') ; and therefore ii>^ = B.^ — 1 • 
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No. 4— Again, suppose the angle GAG' divided into a certain whole 
number of equal piurts GA^^ g^s!> &^' "?> *^^* ^^^ angle GAG'=/i, 
and that ^, g^, ^', &c., G' are respectively the direct representations of 
G, gf ^ fco. in A^, Ag^, A^, &c- j also that Q" is the direct representa- 
tion of G in AF; and we have, by No. 2, 0"G'=AG.R. If R be put 
for a certain function (discoverable if necessary ftom what is laid down 
in No. 2) of f, of which every term is iadependent of AG, but con- 

f 
cerned withe, we also have AG'=AGy and AG'^sAM-f V'g'^^l.GM; 

consequently AG.^i,^ , or its eqiaal, from substituting for the value of 

f*^ found above, AG.SipT) =AM+GM ^/pT+ AG-R. If « be taken 
equal to o^ R wijl —9* wd we shall have the iwagwary th^eaoreBi AG 

.-^ =:AM+GMv/^IT, 43 given by the imaginary projection ; but, whe- 
ther we use the one or the other of these two theorems,, the operatioa 
must be equally legitimatQ ia amy reseaichai aa e>. heio^ ai;bitraiy, uKUftt 
vanish after the operation. 

In AP' between A apd M take a point N* apid Join GN„ put anigjb 
GNM=/i, and we have, in a similar maoaer to what is above shewn, 

n 

GN.B.e— n =NM+GM.v/f— 1+ a function of which every term is mul- 
tiplied by ?, » being supposed a multiple of y ; hence, from the two, we 

get AG.B.p— 1) =AN+NG.B.5— It +^ ftinction of which every term is 
multiplied by ^ ; and thus we ipey go on to other cases. 
No. 5 — Xf q, be supposed infiHitely m^^ and e ^.3*li4l6, we have , 

|j,=sl-l-^jp|.jcandft'= lT^[^^lV^*== 1+^ ' , i» virtrue of q 

JL 
q 

being infinitely small ; but IT? will then be the number whose hyper- 
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bolical logarithm is 1 5 put it =:<, and we have y^ =* '~ j and conse- 

quently, in virtue of the equation AG.f^^ = AG (cos. of GAM+y/jHi 
.sine of GAM+R), immediately deducible from one given above, we 
have, if z be put equal to the arc corresponding to angle GAG' to radius 

unity, € = cos. of ^+v/r-l. sine of 5: + a function of which every 

term is multiplied by e, 

Nate, — ^It b proper to caotioii some of my lUadersi that though ^^ is equal to l^iy 
fg 
raised to the ' power; still, for instance, if p were taken equal to 2, it would not be proper 

to take i\ for —11 , at the two are not identical, inasmuch as the former contains roots 
which the latter does not : and the same observation is applicable to other values of p. And^ 



moreover, it is to be noticed that, although — 1 1 and — il contain exactly the same ra- 
dicals, still, in a formula containing the two expressions, it would be improper to use the one 
for the other; for, from what I have shewn above, we know how to find the roots of 



— V and of — 1| by considering unity to rqiresent 2+ 8« right angles, % bemg any whole 
number at pleasure; and we see that for one and the same whole number, taken for «, we 



have different values for — il atfd — H 



END OF TRACT II. BOOK IL OF IMAGINARY QUANTITIES. 



ERRATA. 
, Page lOJine 6frombotlom, for DP read BP. Page 12, line 5 from bottom,for a.PQzz) 
read a.PQ)=. Page 14, line 8, insert a comma before the second AG. Page 19, 
line 2 from bottom, insert and before sine. Page 20, line 6, insert may after PB. 
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